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CIP / Cubic Semi-Lagrangian operation
= 3rd-order time integration
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The integration can not be done explicitly, because f is
included in the non-analytical function S.
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Using the more previous values, the more accurate predictions
are obtained
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These are called Adams – Bashforth formula.
(J.C.Adams – F.Bashforth)

7

C ti PhC ti PhCorrection PhaseCorrection Phase
1+ ( )1111+n

pfGetting         enables us to construct                                      .( )111 , +++ = nn
p

n tfSS
Using ,,,, 111 +−−+ ⋅⋅⋅ rnnnn ffff

h d l i l f i b dr-th-order polynomial function can be constructed.

1st-order approximate function:

)(
1

11 tOS
t

ttS
t
ttS n

n
n

n

c Δ+
Δ
−

+
Δ
−

=
+

+

tnn dSff
n

+ ∫
+

11 )(
1

By substituting into the integration, we have the corrected value.

( )
t c

nn
c

t

dttySff
n

Δ

+=+ ∫
1

11 ),(

8

( )nnn SStf +
Δ

+= +1

2



CCHigherHigher--order Correctionorder Correction

( )111 85
12

:2 −++ −+
Δ

+== nnnnn
c ffftyyr

( )2111 5199
24

:3 −−++ +−+
Δ

+== nnnnnn
c fffftyyr

( )32111 19106264646251
720

:4 −−−++ −+−+
Δ

+== nnnnnnn
c ffffftyyr

These are called the Adams–Moulton formula. 
(J.C.Adams – F.R.Moulton)

Repetition of the prediction-correction loop improves 
the accuracy of the convergence.
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By eliminating higher-order error,
The following  4-Stage Runge-kutta

th d i d i d f 1+nf

)( tfStk nnΔ=

method is derived. f 1+nf

)2/12/1(

)2/1,2/1(

),(

12

1

kfSk
ttkfStk

tfStk

nn

nn

ΔΔ

Δ++Δ=

Δ=

nf

),(

)2/1,2/1(

34

23

ttkfStk
ttkfStk

nn

nn

Δ++Δ=

Δ++Δ= f

)(
6

22 543211 tOkkkkff nn Δ+
+++

+=+
tΔ

Up to 4 stage, the stage number can reach 
the accuracy order.
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3-stage RK Method (3rd-order accuracy) 
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Discretization : 1st-order Upwind scheme
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The profile comes back to the initial one.
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