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Scattering Problems 
Analytically solved 
 
Fields … eigenmode functions in coordinate systems 
Ex. 

  Trigonometric functions … rectangular 
Bessel functions        … cylindrical 
Lengendre functions    … spherical 
 

Numerical solved 
 
Ex. 
    MoM ( method of moment ) 
    FEM ( finite element method ) 
    FDTD ( finite difference time domain method )  
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Solutions in a homogeneous region containing sources 
 

cp EEE +=  ,  cp HHH +=  

pp HE , ：particular solution 
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cc HE , ：complementary solution ( source - free ) 
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Particular solution 

pFpAp EEE +=  ,  pFpAp HHH +=  

pApA HE , ：fields due to electric source J 
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pFpF HE , ：fields due to magnetic source M 
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pApA HE , ：fields due to electric source J 
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①⋅∇     → 0=⋅∇ pAH   ( ∵ 0=×∇⋅∇ a ：vector identity ) 

          ③ppA AH ×∇=   ( pA ：magnetic vector potential ) 

①③→     0AE =+×∇ )( ppA jωµ    

          ④AppA j φωµ −∇=+ AE   (∵ 0=∇×∇ φ ：vector identity ) 

②④③ →,  

          App jk φωεσ ∇+−=−×∇×∇ )(2 JAA  

                                         )(2 ωεσωµ jjk +−=  

Appp jk φωεσ ∇+−=−∇−⋅∇∇ )()( 22 JAAA  

(∵ 2∇−⋅∇∇=∇××∇ ：vector identity ) 
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( )p jσ ωε φ∇ ⋅ = − +A ：Lorentz condition ( gauge ) 

JAA −=+∇ pp k 22
：vector Helmholtz Equation 
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Particular solutions 
 

pFpAp EEE +=  , pFpAp HHH +=  

 
Maxwell Equation    
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Helmholtz Equation   

JAA −=+∇ pp k 22                     Electric source J 

MFF −=+∇ pp k 22                     Magnetic source M 

 
Solution  
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Complementary solutions ( source-free： 0MJ == ) 

 

cFcAc EEE +=  , cFcAc HHH +=  

 
Maxwell Equation  
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Helmholtz Equation  

0AA =+∇ cc k 22      

0FF =+∇ cc k 22  

 
Solution  
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Fields in rectangular coordinates 
 

Ac Ψ= zA ˆ    Fc Ψ= zF ˆ  
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TM ( transverse magnetic ) to z 
TE ( transverse electric) to z 

Arbitrary field … sum of a TM field and a TE field 
 

Helmholtz Equation in rectangular coordinates 
 

),,(ˆ zyxAc Ψ= zA  → 0AA =+∇ cc k 22  
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)()()(),,( zZyYxXzyxA =Ψ  ：separation of variables 
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xk−            2

yk−          2
zk−        ：each term is independent of x , y and z 
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harmonic equations         harmonic functions 

2222 kkkk zyx =++   ：Only two of the ik  are chosen independently 

 
harmonic functions 
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Linear combination of wave functions 
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                constant 

yx kk , ：discrete spectra 

        determined by the boundary conditions of the problem 
 
General wave function 

yxk k kkkyx dkdkkkfzyx
x y

zyx∫ ∫ Ψ=Ψ ),(),,(  

analytic function 

any path in the complex xk and yk  plane 

yx kk , ：continuous spectrum  

        unbounded region 


