Now, since V f, 1 (zo) = —Wq, and A is a tridiagonal matrix, [xg]; =0fori =k+1,k+

2,...,and
2 - 2 SN g* ) 2k 2
||wk—$||222[$]zzz qlzl_ti:q |20 — x|
i=k+1 i=k+1
Finally, the first inequality follows from Corollary 5.17. 1

7 The Steepest Descent Method for Differentiable Convex and
Differentiable Strongly Convex Functions with Lipschitz Con-
tinuous Gradients

Let us consider the steepest descent method with constant step h.

Theorem 7.1 Let f € F }il(R”), and 0 < h < % The steepest descent method with constant step
generates a sequence which converges as follows:

e 2 (w0)  F(a*))llwo — |3
T@) =1 (@) < S g+ kh(2 = L) (F(@o) — F@)

Proof:
Denote ri = || — *||2. Then
e = e — 2" = RV f(2)]3
= 1f = 20(V f(ay), @ — ") + 1|V f ()13
= rf = 20(V f(xy) — Vf(a*),z, —a*) + 2|V f(21)|3

2
-n(F - 0) IVHa@0IE

IN

where the last inequality follows from Theorem 5.13.
Therefore, since 0 < h < %, o1 < T < -+ < Tp.
Now

fai) < o)+ (VF @), o — @) + 5 lows — mil}

= ()~ WIVF@B+ 5] - WV F0lB (12)
= fow) — IV F @)l < Fla), (13)

where w = h(1 — 5h). Denoting by Ay, = f(z)) — f(x*), from the convexity of f(z), Theorem 5.7,
and the Cauchy-Schwarz inequality,

Ap = f(zr) — f(2") < (V (k) zp — %) <[V f(@p)ll2rk < [V F(zr) 270 (14)

Combining (13) and (14),
w
App1 < Ay — SA;.
7o
Thus dividing by AkAkJrl,
1L 1w A 1w
App1 — Ap 13 App T A

5
7o

since Aii -2 1. Summing up these inequalities we get

1 1 w
> = Yk t).
Apr1 — Ao 7“(2)( )
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To obtain the optimal step size, it is sufficient to find the maximum of the function w := w(h) =
h(1 — Lh) which is h* == 1/L.

Corollary 7.2 If f € F 1L’1(R"), the steepest descent method with constant step h = 1/L yields

2L w0 — z*|3

flar) = fa7) <

kE+4
That is, { f(xr)}32, converges R-sublinearly to f(x*).
Proof:
Left for exercise. 1

Theorem 7.3 Let f € S;’lL(]R"), and 0 < h < ;HLL The steepest descent method with constant
step generates a sequence which converges as follows:

k
Flan) - f@') < L<1M> o — 2|13

2 w4+ L
2hul \ "
o=l < (1= 227 ) oo - ol

Ifh = then

_2_
p+L>

2k
[ - f@*) < L(L/“‘l) o — 2|12

|z — x*[|2

That is, {x1}72, and {f(zk)};2, converges R-linearly to «* and f(z*), respectively.

Proof:
Denote ri = || — *||2. Then

i = ek — @ = RV ()3
rii = 20V f (k) — ) + BV F ()3
= 1% = 2h(Vf(xr) = V(@) zr — x*) + 2|V ()3

wL 1 «
- on (L IV e - VIR ) + 21V f(e)l

2hul\ o 2 9
= (1222 .
< /H—L> i +h (h ,u—i—L> IV £ (x)l2

from Theorems 5.13 and 5.23, and it proves the first two inequalities.
Now, for h = 2/(L + p) and again from Theorem 5.13,

IN

flxr) — f(&") = (Vf(@"), @ —a%) <

37



Theorem 7.4 (Yuan 2010) 2 In the special case of a strongly convex quadratic function f(x) =
3(Az,z) + (a, ) + o with A (A) = L > \,(A) = p > 0, we can obtain

k
L/iu—1

L/pw+\/s1

|zs — x*|]2 < o — =" |2

for the steepest descent method with “exact line search”.

7.1

8

e Note that the previous result for the steepest descent method, Theorem 4.18, was only a local

result. Theorems 7.1 and 7.3 guarantee that the steepest descent method converges for any
starting point o € R" (due to convexity).

Comparing the rate of convergence of the steepest descent method for the classes F %I(R”)
and S}LE(R”) (Theorems 7.1, Corollary 7.2, and 7.3, respectively) with their lower complexity
bounds (Theorems 6.1 and 6.2, respectively), we possible have a huge gap.

Exercises

. Prove Corollary 7.2.

. Consider a sequence {f}72, which converges to zero.

The sequence is said to converge @Q-sublinearly if

. k41
lim sup B+
k—o0 k

=1.

A zero converging sequence {3}, is said to converge R-sublinearly if it is dominated by a
Q-sublinearly converging sequence. That is, if there is a Q-sublinearly converging sequence
{8k}, such that 0 < |Bi| < By

(a) Give an example of a Q-sublinear converging sequence which is not Q-linear converging
sequence.

(b) Give an example of a R-sublinear converging sequence which is not R-linear converging
sequence.

The Optimal Gradient Method (First-Order Method, Acceler-
ated Gradient Method, Fast Gradient Method)

This algorithm was proposed for the first time by Nesterov® in 1983. In [Nesterov03, Nesterov18],
he gives a reinterpretation of the algorithm and provides another justification of it which attains
the same complexity bound of the original article.

Definition 8.1 A pair of sequences {¢(x)}72, and {A\}72, with A\; > 0 is called an estimate
sequence of the function f(x) if

)\k—>0,

and for any & € R" and any k > 0, we have

dr(x) < (1= Xp) f() + Apgo(x).

2Y .-X. Yuan, “A short note on the Q-linear convergence of the steepest descent method”, Mathematical Program-
ming 123 (2010), pp. 339-343.

3Y. Nesterov, “A method for solving the convex programming problem with convergence rate o(1/ kz)ﬂ’ Dokl.
Akad. Nauk SSSR 269 (1983), pp. 543-547.

38



Lemma 8.2 Given an estimate sequence {¢y()}7, {Ak}52, and if for some sequence {x;}7°,
we have

flxr) < ¢ = mllél br(x)

then f(zy) — f(z*) < Ap(¢o(x”) — f(x)) = 0.

Proof:
It follows from the definition. 1

Lemma 8.3 Assume that
1. fe SL(R"), possible with y = 0 (which means that f € F*(R")).

2. ¢o(x) is an arbitrary function on R".

w

Ay}, is an arbitrary sequence in R".

W

. {ag}p2 _ is an arbitrary sequence such that a_y = 0, o, € (0,1] (£ =10,1,...), and Z ap =

0.
k—1 o0

Then the pair of sequences { H (1-— ai)} and {¢g(x)}32, recursively defined as
i=—1 k=0

Pey1(x) = (1 —ap)or(®) + o [f(yk) +(VF(Yr)z—yp) + %Haz - ka%}

is an estimate sequence.

Proof:

Let us prove by induction in k. For k =0, ¢o(x) = (1 — (1 —a_1)) f(x) + (1 — a—1)¢po(x) since
a_1 = 0. Suppose that the induction hypothesis is valid for any index equal or smaller than k.
Since f € SL(]R”),

drii(@) = (1- > o(@) + o [ (i) + (VF ), — yi) + Sl — yyl3]
< (- () + o f(x)
k 1 k—1
= <1 — (1 —ayg) (1 - ai)> flx)+ (1 —ag) ((bk(a:) — <1 - H (1- ai)> f(a:))
i=—1 i=—1
k 1 k—1
< (1 — (1 - o) (1—az->> f@) + (1= a) [T @ - a)éo(@)
1=—1 i=—1
k
= <1 - H (1- az‘)) f@)+ I (1 = ai)go(@).
i=—1 i=—1

Now, it remains to show that H ' (1— ;) — 0. This is equivalent to show that log H e
a;) — —oo. Using the inequality log(l —a) < —a for a € (—o0,1), we have

due to our assumption. 1
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Lemma 8.4 Let f: R" — R be an arbitrary continuously differentiable function. Also let ¢ € R,
p>0,7% >0, vg € R", {y,}72y, and {a}}72, given arbitrarily sequences such that a_y = 0,
ar € (0,1] (k = 0,1,...). In the special case of u = 0, we further assume that y > 0 and
ar <1 (k=0,1,...). Let ¢o(z) = ¢} + L||x — vo||3. If we define recursively ¢y () such as in
the previous lemma:

Ora1(@) = (1= a)on(@) + a [Fyp) + (Vi) @ —yp) + Sl —uill}]

¢r+1(x) preserve the canonical form

* Vi+1
Prr1(T) = Ppyq + 72+ & — visal3 (15)
for
Y1 = (1 —ap)w + agp,
1
Vi1 = —[(1 — o) vk + apyr — 'V F(yr)],
V41
* * CM% 2
Prp1 = (1—ow)op+arf(ys) — 5 IV F(ye)lla
V41
ap(l —ag)y (1
+HE (Bl — o3+ (VF (e ok —w))
Ve+1
Proof:

We will use again the induction hypothesis in k. Note that V2q§0(m) = v9I. Now, for any k£ > 0,
V21 (x) = (1 — o) V3 (x) + e = (1 — ) vk + ) I = YL

Therefore, ¢ry1(x) is a quadratic function of the form (15). Also, xy+1 > 0 since g > 0 and
ar >0 (k=0,1,...); or if u = 0, we assumed that 79 > 0 and o, € (0,1) (k=0,1,...).
From the first-order optimality condition

Vopi(x) = (1-ap)Veoy(x) +arVf(y) + arp(z — yy)
= (I —ap)w(x—vi)+ oV f(yg) + app(z —yg) = 0.
Thus,

1
x = v = — [(1 — ap)mvr + appyy — axVF(y)]
Ve+1

is the minimal optimal solution of ¢ ().
Finally, from what we proved so far and from the definition

Oer1(yp) = Orr + 25 lye — vknal3
= (11— ar)or(yr) + o f(yr) (16)
= (1—ar) (8% + Fllyr — vrl3) + anf(yp)-
Now,
1
Vi1 — Yp = — [(1— ar)v(vk — yp) — 'V f(y)].
Vk+1
Therefore,
P vk =9l = o5 [(1 = )i llve — yill3 + IV F ()13 (17)
—20a,(1 = ap) (VI (Yr) vk — yi)] -
Substituting (17) into (16), we obtain the expression for ¢j_ ;. 1
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Theorem 8.5 Let L > p > 0. Consider f € S}L’IL(R”), possible with ¢ = 0 (which means that
fe f}:’l(R”)). For given g € R", let us choose ¢f = f(xo) and vy := xg. Consider also 9 > 0
such that L > v9 > 1 > 0. Define the sequences {o}32 1, {7 )20, {¥etico: {Zr}izor (k)0
{01172, and {¢r(x)}32, for the iteration k starting at & := 0:
a_1 = 0,
ai € (0,1] root of  Lai = (1 — a)Yk + Qhft := Vet
QRVEVE + Vi1 Tk
Ve + Qkp

] 1
@1 is such that  f(xra1) < f(yg) — ﬁHVf(yk)H%,

Y =

1
Vg1 = —— (1 — o) Mok + agpyy, — o'V F(ye)),
Vk+1
* * Cki 2
1= (I—ap)op +anflyy) — 2 IV £(ye)ll3
Y41
ap(l — o)k (1
+ A (Bl — ol + (V F (i) o —w))
Yk+1
Vk+1
Prr1(x) = Py + 72+ & — vgy1l5-

k—1
Then, we satisfy all the conditions of Lemma 8.2 for A\ = H (1 —a).
i=—1
Proof:
In fact, due to Lemmas 8.3 and 8.4, it just remains to show that oy € (0,1] for (k =0,1,...)

o

such that Z aj = 00. In the special case of = 0, we must show that o, <1 (k=0,1,...). And
k=

finally that O(mk) < ¢;.

Let us show both using induction hypothesis.

Consider the quadratic equation in a, go(a) := La? + (y0 — u)a — 70 = 0. Notice that its
discriminant A := (y0 — p)? +4vL is always positive by the hypothesis. Also, go(0) = —yo < 0, due
to the hypothesis again. Therefore, this equation always has a root ap > 0. Since go(1) = L—pu > 0,
ap < 1, and we have ag € (0,1]. If p = 0, and a9 = 1, we will have L = 0 which implies 79 = 0
which contradicts our hypothesis. Then o < 1 in this case. In addition, v; := (1 —ag)vyo +aop > 0
and vo + app > 0. The same arguments are valid for any k. Therefore, ay, € (0,1], and oy <
1 (k=0,1,...,)if p=0.

Finally, La? = (1 — ag)ve + agp > (1 — ap)p + agp = p. And we have oy > £, and

oo

therefore, Z ap = oo, if p > 0. For the case pu = 0, let us prove first that v, = ypAx. Obviously
k=0

Yo = YoAo(=Y0(1 — @—1) = ), and assuming the induction hypothesis,

Vi1 = (1 = ap)ve + app = (1 — o) v = (1 — ar)vo ke = YoAke+1-

Therefore, Lai = Yg11 = YoAk+1. Since Ag is a decreasing sequence and A\, > 0,

L1 VA=V e Mo = M
Va1 VA a VAN VAN (VA F Vet 1)
< Ak — Akt M= M A — (A —ap)hk
T VMM (VA VA 200 Ak 2Xk v/ A1
Qg L /v

2/ A1 2V L
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Thus
1 1 k[0 kv
VA T Vo 2V L 2V L

4L
2V'L + ko)
which is equivalent to > ;2 , ap = 0o as we saw before.

Now for k =0, f(xo) < ¢§. Suppose that the induction hypothesis is valid for any index equal
or smaller than k. Due to the previous lemma,

Finally,

)\kg —>07
( 2

2

G = (L= an)ol+ anf (o) = 5 IV F ()3
1—
# DO (B o+ (9 $ )0~ )

2

k
2Vk41

(Bl — ol + (V5 w0 v~ v )

> (L—on)f(xr) + o f(yr) — IV £ (ye)ll3

+ak(l — Q)Y
Vk+1

Now, since f(x) is convex, f(xg) > f(y) + (Vf(yi), Tk — Yi), and multiplying this inequality by
(1 — ) we have:

2

. o Yk (L — ag)yep
i1 2 Fe)— X [V () Bt (1= i) (V £ (), S5 (o) b ) + 2= %)
241 V1 2Vk+1

ly—vll3-

Recall that since V f is L-Lipschitz continuous, if we apply Lemma 3.6 to y;, and i1 = yi —
1V f(yi), we obtain

Fn) — 57 IV @R = Fai).

Therefore, if we impose
ARk

V41

(vk —yp) + T —y, =0
it justifies our choice for y,. And putting

2
aj, 1

2941 2L

it justifies our choice for ay. Since OM%W > 0, we finally obtain ¢;_ , > f(xk11) as wished.

The above theorem suggests an algorithm to minimize f € S;lL(R”)
Notice that in the following method, we don’t need the estimated sequence anymore.

Generic Scheme for the Nesterov’s Optimal Gradient Method
Step 0: Choose g € R", let 9 > 0 such that L > vy > u > 0.
Set vy := xg and k := 0.
Step 1: Compute ay € (0, 1] from the equation L%z+: (1ac_ )Yk + Qgf.
(6%
Step 2: Set Y1 = (1 — )k + opps, Yy 1= TG ETEESE
Step 3: Compute f(y;) and V f(y;).
Step 4: Find @y such that f(zg+1) < f(ys) — 52|V F(ys) |3 using “line search”.

Step 5: Set vy 1 := (l_a’“h’“””?}g’f{k_akvf(yk), k:=k+1 and go to Step 1.
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Theorem 8.6 Consider f € SL’IL(R”), possible with y = 0 (which means that f € flL’l(R”)). The
generic scheme of the Nesterov’s optimal gradient method generates a sequence {x}72, such that

P~ f@) < e [fl@o) + Dt~ aoll3 - 7"
k
. I 4L Y0« 2 *
< rnm{(l — \/Z) , (2@—1—1{\%)2} [f(azo)-i- EH:B —xollz — f(z7)|,
k—1
where a_; =0 and \;, = H (1 — ).
i=—1

In other words, the sequence {f(xy) — f(x*)}32, converges R-sublinearly to zero if y = 0 and
R-linearly to zero if p > 0.
In addition, if u > 0,

o=l < = [fen) + e = ol ()]
2 N\ AL VO 2 s
< Mmm{(l—\/;) 7(2@%—1{:\%)2} [f(wo)-FE”w —xollz — f(z )}

That is, {||z — 2*||*}32, converges R-linearly to zero.

Proof:
The first inequality is obvious from the definitions and Lemma 8.2.

We already know that oy > \/% (k=0,1,...) (see proof of Theorem 8.5), therefore,

k—1 k—1 k
A = H(l—ai)—H(l—ai)§<l— Z) :

i=—1 =0

which only has an effect if ;1 > 0. For the case y = 0, we already proved in Theorem 8.5.
For p > 0, using the definition of strong convexity of f(x), we obtain the upper bound for
||mk —x* ||% 1

Corollary 8.7 Consider f € Si’}L(R”), possible with ¢ = 0 (which means that f € flL’l(]R”)). If

we take g = L, the generic scheme of the Nesterov’s optimal gradient method generates a sequence
{xr}32, such that

k
flaw) ~ f(a) < Lmin{<1 -\ (kf2)} oo — 3

In other words, the sequence {f(xx) — f(x*)};2, converges R-sublinearly to zero if ;= 0 and
R-linearly to zero if p > 0.
In the particular case of p > 0, we have the following inequality:

k
. 2L . ! 4 «
|k — @ Hésumm{<1— ’) 7(k+2)2}\lwo—w I3

That means that the sequence {||z; — x*||3}72, converges R-linearly to zero.

Proof:
The two inequalities follow from the previous theorem, f(x¢) — f(x*) < (Vf(x*),xo — x*) +
L||zo — z*|3, and the fact that V f(z*) = 0. 1
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Now, instead of doing a line search at Step 4 of the generic scheme for the Nesterov’s optimal
gradient method, let us consider the constant step size iteration xy1 := y;, — %V f(yy) (see proof
of Theorem 8.5). From the calculations given at Exercise 1, we arrive to the following simplified
scheme. Hereafter, we assume that L > p to exclude the trivial case L = p with finished in one
iteration.

Constant Step Scheme for the Nesterov’s Optimal Gradient Method
Step 0: Choose g € R", ap € (0,1) such that w >0, pu< w <L,
set Yo := xo and k := 0.
Step 1: Compute V f(y;,).
Step 2:  Set i1 =1y, — +V F(yp).
Step 3: Compute a1 € (0,1) from the equation 0‘24_1 =(1- O[k-+1)0(% + P
Step 4: Set (i := ag(l-aw)

aZ+agtq

Step 5: Set y;,1 = Tpt1 + Pr(Try1 — k), k:=k + 1 and go to Step 1.

Observe that the sequences {x1}72, and {y,}7>, generated by the “Generic Scheme” and the
“Constant Step Scheme” are exactly the same? if we choose Ty, 1 1= y), — %V f(y;) in the former
method. Therefore, the result of Theorem 8.6 is still valid for 7o := ag(aoLl — p)/(1 — ap).

Also, if we further impose 79 = ag(apL — p)/(1 — o) = L, we will have the rate of convergence
of Theorem 8.7.

Theorem 8.8 Consider f € Si’lL(R"), possible with g = 0 (which means that f € flL’l(R")). The
constant step scheme of the Nesterov’s optimal gradient method generates a sequence {x}}7° , such

that N
flaw) ~ f(a") < me{<1 -\ (,H‘_*z)} o - =13

k
. 2L . 0 4 .
R “5fumm{<1—w/L> ,(HQ)g}nmo—w 2

This means that the method is “optimal” for the class of functions F 1L’1(R"), and SilL(R”)

and

Proof:  Since the inequalities above are already shown in the previous Corollary 8.7, it remains
to show the “optimality” of the methods for each class of functions.
For the case p = 0, the “optimality” of the method is obvious from Theorem 6.1.

Let us analyze the case when p > 0. From Theorem 6.2, we know that we can find a function
fe SZOLl (£2) such that

2k
Fla) — fat) > 2 (F%) o — 73 > & exp (—ﬁ‘/’j_l) o — * 1B,
a 1)

where the second inequality follows from In({77) = — In(¢t) >1 - 982 = ——2 for a € (1,+00).
Therefore, the worst case bound to find @ such that f(xy) — f(x*) < £ can not be better than

s VERZ1

1 *
. (ln€+lng+21n||aco—x |2>.

On the other hand, from the inequality above

4strictly speaking, there is a one index difference between Yy, ’s on these two methods due to the order y,, is defined
in the loop.
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k
flay) = f(a*) < Ll|lzo — 2*[I3 <1 - \/g> < Lljxo — z*||3 exp <_ J%) ;

where the second inequality follows from In(1 — a) < —a for a < 1. Therefore, we can guarantee

f(xp) — f(x*) < e for k > \/W(]n% +lnL+21H”wo—w*\‘2).

Now, let us analize the sequences {x;}7°, generated by the method. Again from Theorem 6.2,
we can find a function f € S;O’Ll(€2) such that

2k
|z — ”% > <\/ﬁ+1> lxo — ”% > exp <—\/m_1> |z — H%

Therefore, the worst case bound to find x; such that ||z — x*||3 < & can not be better than

N L/ip—1 1
g VIl <1n+21n||a:0—m*\|2> .
g

4

On the other hand, from the inequality above
k
2L K *1(2 2L k *1(2
xp — <<1— > xog—x*||5 < —exp | ——— | ||lwo — 7|5
I 3 . 7) | 12 . | 12

Therefore, we can guarantee ||z — x*[|3 < e for k > /L/p (InL +1In2L — Inp+ 21n ||z — x*(|2).
This shows that the constant step scheme for the Nesterov’s gradient method is an optimal
method in terms of complexity for the dominant term In(e~1). 1

Remark 8.9 Many times, you will find in articles that a method has “optimal rate of convergence”.
In our case, if we apply the constant step scheme for the Nesterov’s optimal gradient method
to ming g~ f(z), the number of iterations of this method to obtain f(zy) — f(z*) < e is k =

k(L, o, x*,¢) = O <\/L”“"°;w*”3) and k = k(L, o, z0, z*,¢) = O (\/%m M) for f(z) €

]:i’l(R”) and SlL’lﬂ(]R”)7 respectively.
It is extremely important to note that this value is the maximum number of iterations in the

worse case scenario.
To obtain the total complexity of the method, you need to multiply the above number by the
number of floating-point operations per iteration. This value also vary according to the method.

8.1 Discussion on Particular Cases

8.1.1 Nesterov’s Optimal Gradient Method for Smooth (Differentiable) Strongly Con-
vex Functions

In this case, we have p > 0 and choosing vy := ag(aol — p)/(1 — ap) = p, we can have further

simplifications:
=\/7 /2 8= vE- Vi
\F L+ f

Nesterov’s Optimal Gradient Method for Smooth Strongly Convex Function
Step 0: Choose xy € R", set y, := xp and k := 0.

Step 1: Compute V f(y;).

Step 2:  Set @xi1 =y — $ V. F(yy)

Step 3: Set yp 1 = Tp41 + %(xk_l’_l — ), k:=k+1 and go to Step 1.
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