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Abstract: Yixing was a Chinese Buddhist monk and astronomer in the Tang Dynasty of China. It is well known that
he made an excellent calendar entitled Dayan-li in AD 727, which was once used also in Japan. In this paper, |
would like to discuss his contribution in the field of astronomy and mathematics. | shall discuss a possible influence
of Indian astronomy on Yixing in his new definition of mieri in the Dayan-li. And also, | would like to discuss his
method of interpolation which was used in the Dayan-li.  Yixing introduced some new methods of interpolation. The
meaning of his interpolation is controversial, and | would like to present my own view regarding the origin of his
interpolation method and compare it with another view presented by Qu Anjing. Anyway, his method of |nterpolat|on
can be understood as a natural development of Chinese interpolation during the Sui and Tang Dynastles

1 INTRODUCTION?

Yixing (—47)(AD 683-727)° was a Chinese Buddhist monk and astronomer in the Tang (/) Dynasty (AD
618-907) of China. Yixing is his Buddhist name, and his secular name was Zhang Sui (5&%)(Zhang
being his family name). He is sometimes called Seng Yixing (f4—47)(Monk Yixing) or Yixing chanshi (—
17 #8H1)(Zen master Yixing).

Yixing received a call from Emperor Xuanzong (%%) in AD 717, and moved to Chang’an (£%)
(present-day Xi'an (7§%)), the then capital of China. After that, Yixing learnt Esoteric Buddhism from
Indian monks Subhakarasirmha (whose Chinese name is Shan-wuwei (3%#)) and Vajrabodhi (whose
Chinese name is Jingang-zhi (&/1%&)).

In AD 721, at the Emperor’s request Yixing began a project to make a new calendar. He also made an
armillary sphere with his colleague Liang Lingzan (%:4#) in around AD 724, and observed stars. From
AD 724, Yixing conducted astronomical observations at several places throughout China with his
colleague Nangong Yue (m=5k). In AD 725, Yixing made a water-driven celestial globe with Liang.
After these preparations, Yixing started to compile a new calendar, and completed the draft of the new
Dayan-li (Dayan Calendar, the word “li” stands for “calendar” or “ephemeris”.) (K#7/&) in AD 727 but he
died later that year. Zhang Shui (38:%) and Chen Xuanjing (B % %) then edited Yixing’s draft,* and the
Dayan Calendar was officially used from AD 729.

2 YIXING’S ASTRONOMICAL CONTRIBUTION
2.1 Introduction

In the Sui (F§)(AD 581-618) and Tang (J#)(AD 618-907) Dynasties, several good calendars were made.
A rough history of calendars before Yixing in this period is as follows. The Huangji Calendar (£ #%%)(AD
600) of Liu Zhuo (214%)(AD 544-610) was not officially used, but was an excellent calendar where the
inequalities corresponding to the equation of centre of the Sun and of the Moon and the precession of the
equinoxes were considered, and also the second order interpolation was used for the first time in China.
The Linde Calendar (#1&/&)(665 AD) of Li Chunfeng (2 /5)(AD 602—-670) is also a famous calendar. Li
is also famous for his armillary sphere. The Linde Calendar was also used in Korea and Japan.

Then Yixing composed his Dayan Calendar, which was one of the best calendars of the Tang Dynasty.
After Yixing, the Xuanming Calendar (‘= #J&)(AD 822) of Xu Ang (f%&) is also famous, and the method of
the prediction of eclipses was improved. And also, the Chongxuan Calendar (52 % &)(AD 892) of Bian
Gang (i£[i]) also contains several devices. The Dayan Calendar and the Xuanming Calendar were used
in Japan while the Xuanming Calendar was also used in Korea.

The Tang Dynasty is also a period when Indian astronomy was introduced to China. According to my
research, some information about Indian astronomy might have reached China in the Later (Eastern) Han
(%) Dynasty. (See Ohashi (1994a and 1999a) and the following section (2.4).) After that, a Buddhist
text containing the knowledge of Indian astrology and astronomy, the Sardalakarpa-avadana, was
translated into Chinese in the ‘Three Kingdoms' (=[#) Period in the third century AD. In the Tang
Dynasty, a detailed work on Indian mathematical astronomy, the Jiuzhi Calendar (fL#U&)(AD 718), was
composed in Chinese by an Indian astronomer named Qutan Xida (& £7%i%)(Chinese transliteration of
Gotama-siddha in Sanskrit), and was included in his ((Da-)Tang-) Kaiyuan-zhanjing (((X)F)B7t 54€).
Qutan had been resident in China since the time of his grandfather.

Yixing also had some knowledge of Indian astronomy, but his Dayan Calendar followed the traditional
Chinese style. This fact should not be forgotten.

In the eighth century AD, a Chinese version of Indian astrology, the Xiuyao-jing (15 ##%f), was composed
in Chinese by an Indian monk, Bukong (4 7%)(whose Sanskrit name was Amoghavajra)(705-774 AD).
Amoghavajra was a disciple of Vajrabodhi, with whom Yixing also studied.
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2.2 Observational Astronomy

Yixing and Liang Lingzan (#:4%) made an armillary sphere which was called Huangdao-youyi (i
%) (Instrument with a Movable Ecliptic Circle) in around 724 AD. As the name might suggest, on this
instrument the ecliptic circle could be moved in accordance with the precession of the equinoxes. It also
had a movable circle for lunar orbit. With this instrument, Yixing observed stars, particularly in the 28
lunar mansions, and, comparing them with previous observations, measured changes in their polar
distances and right ascensions. These change were due to the precession of the equinoxes.

Yixing and Liang also made a water-driven celestial globe in 725 AD. Besides the celestial globe, it
had two wooden figures which automatically struck a drum and a gong.

From 724 to 725 AD, Yixing and Nangong Yue (F =) conducted astronomical observations at thirteen
different locations between about 51° N to about 18° N. They observed the altitude of the North Celestial
Pole, the length of the gnomon-shadow at the solstices and the equinoxes, and the length of day-time and
night-time during the solstices.

2.3 Theoretical Astronomy
Yixing’s Dayan Calendar was one of the best calendars in China, and had several significant features.

In China, the inequality corresponding to the equation of centre of the Sun was discovered by Zhang
Zixin (58 718) in the sixth century AD, independently of Hipparchus’ discovery in Ancient Greece.
According to this inequality, Yixing gave the values for twenty-four points of time in a year, which were
divided according to the Sun’s angular movement. Here, Yixing used second order interpolation with
unequal steps of argument for the first time in China.

For the inequality corresponding to the equation of the centre of the Moon, which was discovered in the
first century AD in the Later Han Dynasty in China, Yixing used second order interpolation with equal steps
of argument invented by Liu Zhuo (%144)(542—608 AD) in the Sui Dynasty.

An attempt to predict lunar eclipses was started by the Santong Calendar (=#&t/&) of Liu Xin (2/#k)(d. 23
AD) at the end of the Former Han Dynasty, and the basis of the standard system of the prediction of solar
and lunar eclipses was established by the Jingchu Calendar (F#1/&)(237 AD) of Yang Wei (#%f#) in the
Three Kingdoms Period. For the prediction of solar eclipses, Yixing considered the lunar parallax at
different places. Although his method was not perfect, it was a big step forward. The method to predict
eclipses was later developed further in the Xuanming Calendar (£ /#/%)(822 AD) by Xu Ang (#&&).

Yixing also improved the calculation of the position of the five planets, and used a type of interpolation in
which the third difference is used, although it was not the interpolation of the third order.

Another one of Yixing’s contributions was a device to calculate the length of the gnomon-shadow and
the length of day-time and night-time in different seasons and at different places. For this purpose, he
made a table of the gnomon-shadow for every ‘Chinese degree’,5 from O to 81, of the Sun’s zenith
distance. This table is the earliest tangent table in the world (see Qu, 1997).

For the transformation of spherical coordinates, the graphical method on the celestial globe was used
from the Later Han Dynasty. An arithmetical method was started in the Huanji Calendar (2#%/&) (600
AD) by Liu Zhuo (%), and Yixing also used an arithmetical method. In this method, the difference
between right ascension and polar longitude (longitude of the requisite hour circle on the ecliptic) was
assumed to be a linear function in a quadrant, and the difference was given in a table.

Yixing’s Dayan Calendar was introduced to Japan, and was officially used there from 746 to 857 AD.

2.4 Yixing and Indian Astronomy

Yixing had some knowledge of Indian astronomy. For example, he mentioned the Indian zodiac in his
Dayan Calendar, but he made his Dayan Calendar in Chinese traditional way. However, there is one
area where | suspect there is Indian influence in his Calendar, and this is the change of the meaning of
mieri (J&H) (for my interpretation of mori and mieri see Ohashi, 1999b; 2000).

Let us first see the meaning of this word before Yixing used it. The Later Han Sifen Calendar (4% 44y
J&)(85 AD) had special days called mori (# H) and mieri, which did not exist in the Former Han Dynasty.
If one year was divided into 360 parts and one day was included within a part, the day was called mori. If
the end of a day coincided with the boundaries of the parts, the day was called mieri These days were of
no use in traditional Chinese calendars, but were similar to certain concepts in traditional Indian calendars,
such as the method of intercalation in the Artha-$astra.

Now, Yixing changed the meaning of mieri, explaining the method of calculating it as follows (my English
translation):

If the xiaoyu (time in terms of 1/3040 day) of the mean new Moon is less than shuoxufen (= 1427), subtract the
xiaoyu from the tongfa (= 3040), and multiply the result by 30, and subtract the result from miefa (= 91200).
Divide the result by shuoxufen. The result is the number of days. Count the days from the mean new Moon
day and take the day after the resultant day. It is the mieri. (Xin-Tangshu, Lizhi, Zhonghua-shuju, 1976, Volume
7:2219).
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The meaning of this mieri is as follows: let a synodic month be divided into 30 parts. Then, sometimes a
part is included within a day. This kind of day is the mieri defined by Yixing.

This mieri of Yixing is similar to the ‘omitted tithi’ in Indian calendars. In Vedariga astronomy, a tithi
was a 1/30 part of a synodic month, where the equation of centre was not known. In Hindu Classical
Astronomy, a tithi is a period of time during which the longitudinal difference of the Sun and the Moon
changes by 12°. If a tithi is included within a day, the tithi is called ‘omitted tithi’. In Hindu traditional
calendars, the name of a civil day is determined by the number of tithi at the beginning (sunrise) of the day.
Therefore, the number of an ‘omitted tithi’, which does not include any sunrise, actually disappears from
the calendar.

The significance of Yixing’s definition is that when the sum of the mori (a day which is included within a
segment of 1/360 of a tropical year) and mieri grows up to 30, one intercalary month is produced. This
way of thinking is similar to a certain description in the Indian classics, such as the Artha-$&sfra. A
similar description is also found in a Chinese version of the Buddhist text Lishi-apitan-lun (37 & 2:4),
which was translated by Zhendi (¥5#) in the middle of the sixth century AD.

| suspect that Yixing knew of this Indian method and changed the meaning of mieri in order to make it
meaningful in an Indian calendrical context.

3 YIXING’S MATHEMATICAL CONTRIBUTION: THE DEVELOPMENT OF INTERPOLATION®
3.1 Introduction

Interpolation is a method to estimate a value of a function f(x) from its discrete values (for example, f(0),
f(1), f(2), etc.). For this purpose, differences (for example, ‘flrst order differences’ such as A; = f(1) — f(0),
A, = (2) — f(1) etc., and ‘second order differences’ such as A%, = A, — A, etc.) are used.

The second order interpolation established at the time of the Sui Dynasty originated in the first order
interpolation applied to the first differences. At the time of the Tang Dynasty, Yixing started to use the
third difference, but his method was not third order interpolation. Yixing applied the first order
interpolation to the second differences (in other words, applied the second order interpolation to the first
differences), and the accuracy of the result was not so different from the previous second order
interpolation. Yixing’s method was a natural development of the method used during the Sui period.

More than ten years ago, | published two papers regarding Chinese interpolation (Ohashi, 1994b; 1995).
At that time, some young Chinese researchers were also studying Chinese mathematical astronomy
including interpolation (e.g. see Qu, Ji and Wang, 1994). Among them, Qu Anjing (% %) has recently
published a detailed monograph on Chinese mathematical astronomy (Qu, 2005). Qu’s interpretation of
Yixing’s interpolation using the third difference is quite different from my own interpretation (e.g. see
Ohashi, 2009b), and | would like to discuss this matter in this paper.

3.2 Chinese Interpolation before Yixing

The earliest record of second order interpolation in China is found in the Huangji Calendar (2#%/%)(AD
600) in the Sui Dynasty, and a similar method was also used in the Linde Calendar (#1#)&)(officially used
from AD 665) in the Tang Dynasty. Li Shanlan (Z=3£5) explained this interpolation using a geometrical
model in his Linde-shu-jie (B7#1t7/#)(AD 1848). However, | think that this interpolation originated from an
arithmetical method (see Ohashi, 1994b)).

In the actual calculation in this interpolation, A in the table given in the calendar is an arithmetical
progression (A is constant). Therefore the second order interpolation can be considered to be perfect.

When A4, A, etc. are given, the following values are obtained:
A AL +A, A+ A,
15 — 2 25 — 2

As Ais an arithmetical progression, this calculation is exact. From these values, every day’s (or every
degree’s) value of A can be calculated, and their sum total for a certain period can be considered to be &
(see below.). (For example, the value of one day’s A for the (a + 1)th day in the period of n days (from
A;stoAy5) is considered to be: A s/n + a(A,s/n —Aps/n)/n (and here (A, 5/n — A; 5/n) = (As/n—A,/n) etc.).
Actually, this method has a half-day’s error, and the multiplier of the second term should be {a + (1/2)}
instead of a. This error may be called “half-day problem”. Later Yixing corrected this error.)

In order to calculate f(n + a) from f(n), f(2n) etc., the value of & (let f(n + a) = f(n) + &) is obtained. The
value of & can be obtained by an application of linear interpolation of A;s, A,5 etc. as above, and is
applied to f(n). This is the method of the second order interpolation of f.

Yixing started a new method of interpolation where A is not an arithmetical progression. In this case,
A1s, A, 5 etc. cannot be obtained by linear interpolation exactly (therefore Yixing used the third difference).
After obtaining A1 5, A, 5 etc., Yixing used a method which is similar to the previous method to calculate f.

3.3 My (Ohashi’s) Interpretation and Qu Anjing’s Interpretation
Yixing used interpolation using the third difference in the calculation of eclipses and the calculation of five
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planets in his Dayan Calendar.

Among them, the beginning of the interpolation used for the calculation of lunar polar longitude in the
calculation of eclipses is as follows (after Xin-Tangshu, Lizhi, Zhonghua-shuju, 1976, Volume 7: 2247; my
tentative English translation):

(1) The difference between gi-yao-jiajianlii (A2) and the hou-yao-jiajianli (Asz) is gian-cha (Q).

(2) The difference between the hou-yao-jiajianlii (Az) and the ci-hou-yao-jiajianli (A4) is hou-cha (H).

(3) The difference between the two differences (Q and H) is zhong-cha (2).

(4) Put the sum of the gi-yao-jiajianlii (A2) and the hou-yao-jiajianlii (As), a half of the zhong-cha (Z) is added to it,
then halve it, and divide it by 15. The result is the yao-moli (M, the last value of the segment B1B>). It is the
same as the hou-yao-chulii (the first value of the next segment B,B3).

Note that one segment (such as B;B, in Figure 1), yao, consists of n (= 15) du (Chinese degrees). After
determining the first and the last value of the segment, the required portion of the first difference (4) is
calculated by the application of the first order interpolation, and the required f(x) is determined. So, the
accuracy of f(x) is similar to the previous second order interpolation.

Let the gi-yao-jiajianll, hou-yao-jiajianlli, and ci-hou-yao-jigjianli be A,, Az, and A4 (Ej, E,, and E; in
Figure 1) respectively. And also, let the gian-cha, hou-cha, and zhong-cha be Q, H, and Z respectively.
Let the result, yao-moli, be M. Here, M corresponds to A, s.

A; E;3 Fy
A; E3 Fy
A, E; [ D3
/ A E -
4 F3 F3
cz/ -
E, e
A1 F, A1
Cy / E;
Cl AO
AR
E
B; B, Bs B B: 2
Figure 1: After Qu Anjing, 2005:250. Figure 2: After Qu Anjing, 2005: 251.

My (Ohashi’s) interpretation of the above method is as follows.
(1) Q=14%] (A% =D5-1y)
(2) H=|A%)|, (A% =As—Ay)
(3) Z=|0%], (A% =H-Q s |A%5] — |A), whick; is always negative in this calendar.
A A
8 1+1a #1520 a0, -5

4) M- =
) 2n 2n

Here, A, and A; are originally positive in the calendar.
Qu Anjing’s interpretation is as follows:
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(1) Q=04%=03-A,

(2) H :Azg :A4 —Ag

B) Z=N0%=N5-1% A
2

A2+A3+7_3A2+A4

2n 4n
In the method in the Sui Dynasty, first differences were arithmetical progression, but were not in Yixing’s
interpolation (but second differences were arithmetical progression in Yixing’s interpolation). Qu Anjing
(2005: 250) pointed out that there appears to be a discontinuity (the difference between D, and C, in
Figure 1) if the old method is applied to Yixing’s progression, and that Yixing started his new method (see
Figure 2).

(4) M(=B2Cr)=

3.4 Yixing’s Interpolation According to my (Ohashi’s) Interpretation

Yixing’s method of using A¥ is first order interpolation applied to A% Inthe original text, Yixing’s definition
of A%is the “... difference between the two differences.” There is no sign in the ‘difference’; it should be
an absolute value. Here, A is not an arithmetical Qrogression, but A® is an arithmetical progression.
Therefore, Yixing applied first order interpolation to A®. (This is second order interpolation of A, but is not
third order interpolation of f.) In order to determine molu (the last value of A of the segment B;B,), Yixing
applied secon3d order interpolation to A.  If so, according to the modern interpolation, the moli should be

A A
A, +A,——2 A, +A,——2
2—. However, Yixing used 2— This may be a mistake by Yixing. | shall use
n n
Figure 2 to explain my viewpoint.

Qu Anjing’s interpretation is practically a first order interpolation of A, and A4.  In Figure 2, the points E;
and E; represent A, and A, respectively. (Here, to use or not to use the multiplier 1/n is only a problem of
the conversion of units, and is not so important. If one thinks that E; should be A,/n, one may use A,/n
etc. in the calculation. The result is the same.) My interpretation is that Yixing’s method is second order
interpolation applied to A,, As; and A,. In other words, it is second order interpolation applied to E,, E»
and Es.

The modern (Newton’s) second order interpolation is:

FO-10)=A, (- TM=A,A,—A = A,

f(x) = f(0)+x1\1+¥/\21

and in order to distinguish Newton’s and Yixing’s methods | used A in Newton’s formula instead of A.

Chinese interpolation was also like this. Yixing applied this kind of second order interpolation to A,, A;
and A,. Now, let us consider as follows (using the points E;, E, and E3 in Figure 2 to explain the
method):

f (0) = Az(: El)! f (1) = As (: Ez)’ f (2) = A4 (: Es)
2 2
A=A A, =A;
2 3
Al = A,
Here, the segmental distance between E;, E; and Ezis 1. So the segmental distance between E; and F»

1
is 1/2. The molui (the last value of A of the segment B;B,)is — f (3).
Now, using the modern formula to calculate f(3):

5G9

fG)= f(0)+%A1+ZTA21 =A, +%A22 —%Agz
18, (A, + 1) -1,

= %(Az + A, _%Aaz)

AS
A, +A,——2

Therefore, the molu should be 2— If one thinks that E; should be A,/n, one may apply the
n

second order interpolation to A,/n, Ag/n and A4/n, and calculate f (%) . The result is the same.
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A3

A, +A,——=%

2

Yixing’s result was This mistake is somewhat strange and might be related to the

‘half-day problem’ (see section 3.2 above). Anyway, the reason for the appearance of A%is clear now. It
was for the second order interpolation of A.

In order to apply earlier Chinese second order interpolation, A had to be an arithmetical progression.
The tables given in the Huangji-calendar (Sui period) etc. were exactly like this. Here we can see the
artificialness in the tables. The authors at that time had to make A a arithmetical progression in order to
apply second order mterpolatlon to f. In the table of Yixing (X|n Tangshu, Lizhi, Zhonghua-shuju, 1976,
Volume 7: 2246-2247), A’ is an anthmetlcal progression, and A% is a constant with the value —8. Here,
we see artificialness again. As A% is an arithmetical progression, this must be for applying second order
interpolation to A. Here, we can see the evident purpose of Yixing.

3.5 Examples

Numerical examples actually in the calendar are as follows, using the part of the table listed below as an
example:

f(0) = 0 | (1) = 187 | 1(2) = 358 | (3) = 505 | f(4) = 620 [15)=695 [f6)=722 [ --

A =187 [A=171 | As=147 | A= 115 | As=75 | As=27, |

Example 1 (A, = 171; A; = 147; A, =115)
N =N;— N, =147 — 171=-24

A=A, — Ny =115 - 147=-32

A= N — N =32 — (-24)=—

My (Ohashi’s) interpretation:

‘Asz‘ A3 (—8)
2
i A,]+]A| e i A, +A, “5 171+147 —7 A
2n n 2N on
Qu Anjing’s interpretation:

3
A2+A3+A22

_3A,+A, 3x171+115 513+115 628 314
2n ~ 4n 4n ~ 4n  4n  2n
Example 2 (Ag = 75; Ag = 115; Ay = 147)

Ng=Ng—Ng=115-75 =40

N5=Njg—NAg =147 — 115 = 32

Ns=N°g—N*3=32-40=-8

My (Ohashi’s) interpretation:

M =

A3 A (-8)
|A8|+|Ag|+7 Ag + A —78 ) 75+115—T 194
2n 2n 2n 2n
Qu Anjing’s interpretation:
A3
8
g tAt S s +A, 3x75+147 2254147 372186
2n 4n 4n 4n 4n  2n

4 CONCLUSION

The Chinese monk Yixing was a great figure in the field of astronomy as well as Buddhism. He
contributed to the development of theoretical astronomy, observational astronomy and mathematics, and
his Dayan Calendar resulted from his astronomical research, and was possibly influenced in a minor way
by Indian astronomy. This is an interesting subject and, just like Yixing’s method of interpolation, should
also be studied further.

5 NOTES
1. This paper is based on one of two poster papers presented at ICOA-7 (Tokyo, 2010). The other poster
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paper titled “Mathematical Astronomy of Seki Takakazu and Shibukawa Harumi” was a revised and
enlarged version of Ohashi (2009a), and is not included in these Proceedings due to page limitations.

2. For the history of mathematical astronomy before Yixing, in English, see Ohashi (2007; 2008). For an
English language account of Chinese mathematical astronomy after Yixing, see the discussion about Guo
Shoujing (85F4t) (1231-1316) in Ohashi (2009a). For the general history of Chinese astronomy,
including Yixing’s contribution, see Needham (1959), in English; Bo et al. (1981 and 2008-09), Chen
Meidong (2003), and Chen Zungui (1980-89), in Chinese; and Yabuuti (1990), in Japanese.

3. The Pinyin system of Romanization (which is standard in Mainland China) is used in this paper. Note
that Needham (1959) refers to Yixing as ‘I-Hsing’. Classical bibliographies of Yixing are as follows.
There is an epitaph to Yixing written by the Emperor Xuanzong (%5%) (reign 712-756 AD), which is
recorded in Kokai (821). The official biography of Yixing is included in the section of biographies on
technicians in the Jiu-tang-shu (Liu et al., 945), Volume 191. The classical biography of Yixing as a
Buddhist monk is in Zanning (988), Volume 5. Some classical accounts of Yixing are collected in Ruan
(1799). Modern biographies of Yixing as an astronomer are: Li (1964), Chen Meidong (1992; 1998) and
Chen Jiujin (2008). For a study of Yixing as a Buddhist monk see Osabe (1963).

4. The system of Yixing’s Dayan Calendar is recorded in the Jiu-tang-shu (Liu et al., 945), Volume 34, and
in the Xin-Tang-shu (Ouyang et al., 1060), Volumes 27-28. The latter source also contains Yixing’s
theoretical exposition on the Dayan calendar and is an important treatise in Chinese astronomy. These
astronomical treatises in the Jiu-Tang-shu and the Xin-Tang-shu are also included in the Zhonghua-shuju
(1976). Yixing also composed several Buddhist works, but | will not discuss them here.

5. One ‘Chinese degree’ is the angular distance on the celestial sphere through which the mean Sun
moves in one day.

6. Another mathematical contribution by Yixing which is not discussed here has already been discussed
by Qu (1997).
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