4.4.2 The Newton Method

Example 4.19 Let us apply the Newton method to find the root of the following function
(2) = =
x) = —.
g V1+ a2
Clearly z* = 0.
The Newton method will give:

g(w)
g (zx)

Therefore, the method converges if |xg| < 1, it oscillates if |zg| = 1, and finally, diverges if |zo| > 1.

=y, — op(l +23) = —x}.

Th+1 = Tk —

Assumption 4.20
2,2 _
1. fecCy (R");

2. There is a local minimum «* of the function f(x);

3. The Hessian is positive definite at *:

Vif(x*) =4I, (>0

4. Our starting point xg is close enough to x*.

Theorem 4.21 Let the function f(x) satisfy the above assumptions. Suppose that the initial
starting point xg is close enough to x*:

20
Hw(] - m*HQ <7r:i= 37M

Then ||z — x*||2 < 7 for all k of the Newton method and it converges (Q-)quadratically:

M|z — 2|3
= Mllzy, — *(2)"

s — 2l < o

Proof:
Let ry = ||k — *||2. From Lemma 3.8 and the assumption, we have for k = 0,

V2f(xg) = V2f(x*) — Mrol = ({ — Mro)I. (8)
Since rg < T = % < %, we have ¢ — Mry > 0 and therefore, V2 f(xg) is invertible.
Consider the Newton method for k = 0, 21 = xq — [V f(x0)] "'V £ (o).
Then
x) —xt = zo—x* — [Vif(x0)] 'V F(xo)
= xg—x" — [V2f(x / V2f(x* +1(xg — x*)) (20 — *)dr
= [V*f(zo)]” 1Go(mo -z

where Gy = fol (V2 f(zo) — V2 f(z* + T(zo — x*))]dT.
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Then

1
(Golls = | [ (92 @0) - V2#(a" + r(an — a")ar
0 2
1
< [ IV (@) - VA" rlan - o) s
0
1 ro
< / M1 = rlrodr = O,
0 2
From (8),
1192 f (@o)] |2 < (€ — Mro) ™
Then
r < 7Mr(2)
L= 200= Mro)
Since rg < 7 = 32—5, % <1, and r < ro.
One can see now that the same argument is valid for all k’s. I

e Comparing this result with the rate of convergence of the steepest descent, we see that the
Newton method is much faster.

e Surprisingly, the region of quadratic convergence of the Newton method is almost the same as
the region of the linear convergence of the gradient method.

20 20
lzo — ™2 < i (steepest descent method) |lxg — x*||2 < 3 (Newton method)

e This justifies a standard recommendation to use the steepest descent method only at the
initial stage of the minimization process in order to get close to a local minimum and then
perform the Newton method to refine.

4.4.3 The Conjugate Gradient Methods

The conjugate gradient methods were initially proposed for minimizing convex quadratic functions.
Consider the problem

with f(z) = o+ (a,z) + 3 (Az,x) and A > O. Since its minimal solution is * = —A~'a, we can
rewrite f(x) as:

fx) = a—(Az",x)+ %(Aa:,az>

1 1
= a— §(Aa:*,w*> + §<A(:c —x¥),x —x).

Thus, f(z*) = a — 3(Az*, z*) and Vf(z) = A(z — z*).
Definition 4.22 Given a starting point xg, the linear Krylov subspaces is defined as
Ly :=span{A(xo — z*),..., AF (g — )}, k>1,

where span{a, as,...,a,} is the linear subspace of R" spanned by the vectors a;, as, ..., a, € R".
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We claim temporarily that the sequence of points generated by a conjugate gradient method is
defined as follows:

xp = argmin{f(x) | x € ¢y + L1}, k> 1. ‘

Lemma 4.23 For any k > 1, £y, = span{V f(x¢),..., Vf(xr_1)}.

Proof:

Let us prove by induction hypothesis.

For k = 1, the statement is true since V f(xg) = A(xo — =*).

Suppose the claim is true for some k > 1. Then from the definition of the conjugate gradient
method,

k
T = To + Z )\iAi(mo —x")

i=1
with some \; € R, ¢=1,...,k. Therefore,
k ' k—1 '
Vf(:l:k) = A(:I:()—.’B*)-‘rz )\iAZ+1(CC0—:IZ*) = A(.’IZQ—CC*)-FZ /\iAlJrl ($0—w*)+)\kAk+1 (:IJ(]—CC*).
i=1 =1

The first two terms of the last expression belongs to £ from the definition. And then,
span{Ly, V f(x)} C span{Ly, A¥ (g — %)} = Liy1.

There are two ways to show that the equality holds. Assume that A**!(xy —x*) € £;. Then it
is obvious and Ly, = Lj41. If A¥ Y (xzg — 2*) ¢ L4, the equality holds unless A, = 0. However, this
possibility implies that x; € Lx_1, Tx_1 = xx and therefore, L1 = L = L1 again.

An alternative way is to use contradiction. If the equality does not hold, V f(xy) € Ly implies
A (g — 2*) € L}, which again implies the equality, or A\;, = 0, which implies that x; = z;_;
(algorithm terminated). 1

Lemma 4.24 For any k,¢ > 0, k # ¢, we have (V f(xx), V f(x¢)) = 0.

Proof:
Let & > 7, and consider
k

dA) = f 2o+ Y NV F(xi1)

J=1

From the previous lemma, there is a A* such that & = xo + Z?Zl A;V f(zj-1). Moreover, A" is
the minimum of the function ¢(\). Therefore,

9¢
OX;

(A%) = (Vf(xx), Vf(xi1)) = 0.
I

Corollary 4.25 The sequence generated by the conjugate gradient method for the convex quadratic
function is finite.

Proof:
Since the number of orthogonal directions in R™ cannot exceed n. 1

Let us define §; = x; 11 — «;. It is clear that L = span{dg, d1,...,0,_1} (Exercise 10).

Lemma 4.26 For any k,¢ >0, k # {, (Ady,d¢) = 0.
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Proof:
Left for exercise. I

The vectors {d;} are called conjugate with respect to matrix A.
Now, let us be more precise with the conjugate gradient method. We will define the next
iterations as follows:

k—1

Tpy1 = xp — WV f(xr) + Z Ajd;
=0

Using the previous properties, we arrive that (see Exercise 11)

hie||V f () |13

Aj=0, (1=0,1,...,k—2), M1 = (Vf(xp) — Vf(Tr_1),0k-1)

Thus
Tpr1 = Tk — hipy,
where IV £ ()13
Tk )|2Pk—1
Dy f( k) <Vf(37k) — Vf(:l)k_l),pkfﬁ

Finally, we can present the Conjugate Gradient Method

Conjugate Gradient Method
Step 0:  Let &g € R", compute f(xo), V f(xo) and set py := V f(xo), k :=0
Step 1:  Find xp41 := xr — hip, by “approximate line search” on the scalar hy,
Step 2:  Compute f(xg+1) and V f(xg41)
Step 3:  Compute the coefficient Bgy1
Step 4:  Set pg+1 := Vf(xrt1) — Bk+1Py, k :=k+ 1 and go to Step 1

The most popular choices for the coefficient 5, are:

1. Hestenes-Stiefel (1952): Br+1 = <V{(Vw}t£;2{f@“}l(gk)v’égwk»

. _IVF@e)l3
2. F - 1964): = Vi@l
letcher-Reeves (1964): Br+1 IV f(xw)2

DihiS . _ (V@) V@)=V f(xr)
3. Polak-Ribiére (1969): i1 = NAIEDIE .

4. Polak-Ribiére plus: Pri1 = max {0, <Vf(w’““)”’gﬁg’“;‘lgfvf(mk» }
k)12

. VvV 2
5. Dai-Yuan (1999): Bry1 = <Vf(lk+{:)(—m%+})(”$2k)upk>'

Among them, Hestenes-Stiefel and Polak-Ribiére are empirically preferred.
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