6 Differentiable Convex Functions

6.1 Convex Functions

Definition 6.1 Let @ be a subset of R". We denote by .Fk(Q) the class of functions with the
following properties:

e Any f € F¥(Q) is k times continuously differentiable on Q;

e f is convex on @Q, i.e., given V,y € @ and Va € [0, 1],
flax+ (1 - a)y) < af(x) + (1 —a)f(y).

Theorem 6.2 f ¢ F(R") if and only if its epigraph E := {(z,y) € R""! | f(x) < y} is a convex.

Proof:
Let (x1,y1), (x2,y2) € E. Then for any 0 < a < 1, we have

flazi + (1 —a)ze) < af(z1) + (1 — o) f(z2) < ayr + (1 — a)y2

and therefore (ax1 + (1 — a)x2,ay1 + (1 — a)y2) € E.
Let (@1, f(x1)), (2, f(x2)) € E. By the convexity of E, for any 0 < a < 1,

flamy + (1 — a)zs) < af(er) + (1 — a)f(z2)
and therefore, f € F(R"). 1

Theorem 6.3 If f € F(R"), then its A-level set Ly := {x € R" | f(x) < A} is convex for each
A € R. But the converse is not true.

Proof:

For any A € R, let ¢,y € Ly. Then for Vo € (0,1), since f € F(R"), flax + (1 — a)y) <
af(x)+ (1 —a)f(y) <al+ (1 —a)\ = A. Therefore, ax + (1 —a)y € L.

For the converse, Ly = {z € R | f(z) = 3 < A} is convex for all A € R, but f ¢ F(R). 1

Theorem 6.4 (Jensen’s inequality) A function f : R™ — R is convex if and only if for any
positive integer m, the following condition is valid

x1,L,..., L, € R”

Q1,09 ..., 0y >0 m m
m = f (Z Oéiwi> <Y aif ().
i=1

Proof:
Left for exercise. I

Example 6.5 The function — log x is convex on (0, 4+00). Let a,b € (0,40c0) and 0 < # < 1. Then,
from the definition of the convexity, we have

—log(fa+ (1 — 0)b) < —floga — (1 — 6)loghb.
If we take the exponential of both sides, we obtain
a’b' =% < fa + (1 - 0)b.

a+b
For 6 = %, we have the arithmetic-geometric mean inequality: vab < _2‘_ .
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Let @,y € R"\{0}, p > 1, and ¢ such that % + % = 1. Consider

N I A 7] K S (1-0) =L
Sl Ylwhle !
=1 j=1
Then we have . A
iz RO M 7
Sl | | Sl | e b o> Il
j=1 j=1 j=1 j=1

and summing over i, we obtain the Holder inequality:

{2, )| < lzllpllyllq

P

where ||z, := (Z H-’JU]Z‘p>

Theorem 6.6 Let {f;}icr be a family of (finite or infinite) functions which are bounded from above
and f; € F(R"™). Then, f(x) := sup fi(x) is convex on R".
el

Proof:
For each i € I, since f; € F(R"), its epigraph E; = {(x,y) € R"™ | f;(x) < y} is convex on
R™*! by Theorem 6.2. Also their intersection

ﬂEi = ﬂ {(m,y) c Rl | fi(x) < y} = {(a:,y) c R+

i€l el

ap 0 <)

i€l
is convex by Exercise 2 of Section 1, which is exactly the epigraph of f(x). 1

6.2 Differentiable Convex Functions

Theorem 6.7 Let f be a continuously differentiable function. The following conditions are equiv-
alent:

1. f e FYR™).
2. fly) = fx) +(Vf(z),y —z), Va,yecR™
3. (Vf(x) - Vf(y),z—y) >0, Yo,y € R™.

Proof:
Left for exercise. I

Theorem 6.8 If f € F1(R") and V f(z*) = 0, then x* is the global minimum of f(x) on R™.

Proof:
Left for exercise. I

Lemma 6.9 If f € FL(R™), b€ R™, and A : R" — R™, then

o(x) = f(Az +b) € FLR").
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Proof:
Left for exercise. I

Example 6.10 The following functions are differentiable and convex:

1. f(z)=
2. f(x)=|zP, p>1
3. flz) = I—Hw\
4. f(z) = |z| —In(1 + |z|)
5. f(@) = X, evH@n)
6. f(x)=> " [{ai, ) —b|P, p>1
Theorem 6.11 Let f be a twice continuously differentiable function. Then f € F2(R") if and only
g Vif(x) = O, VxcR™
Proof:
Let f € F2(R"), and denote &, = x + 75, 7 > 0. Then, from the previous result
0 < (V@) - Vi) —z) = V() - V(). s)
= 71_/OT<V2f(:c + As)s, s)dA
_ F(r)-F(0)
T
where F(7) = [; (V2 f(x+ As)s, s)dA. Therefore, tending 7 to 0, we get 0 < F'(0) = (V2 f(x)s, s),

and we have the result.
Conversely, Vo € R",

fly) = fl@)+(Vf(= // (V2f(x+ My —2)(y —z),y — z)d\dr
> f(x)+ <Vf( ),y — ).

6.3 Differentiable Convex Functions with Lipschitz Continuous Gradients

Corollary 6.12 Let f be a two times continuously differentiable function. f € f%l(R") if and
only if O < V2f(z) < LI, VYx cR"

Proof:
Left for exercise. 1

Theorem 6.13 Let f be a continuously differentiable function on R", @,y € R", and « € [0, 1].
Then the following conditions are equivalent:

1. feF (RY).
2. 0< f(y) — f(@) — (Vf(x),y —z) < 5z — y|3.
3. f(@) +(Vf(x),y — =)+ 5-[|VF(z) - V)3 < fy)
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