Plane wave traveling in z-direction

ICT.H409 X (1) In wave optics, parallel beam is

a plane wave.
The electromagnetic wave

Optics in Information : rect |
. traveling in parallel to the z-axis
PrOCeSSIHQ can be written as
I I I Uc(x,y,2,t) = A(x,y,2) exp(jkz — jwt)
By separating the time dependent component, we have

Masahiro Yamaguchi “‘complex amplitude”:

yamaguchi.m.aa@m.titech.ac.jp U(x,y,2) = Aexp(jkz)
where k = 2rr/1 and 1 is the wavelength.

Derive the equation of the surfaces with constant phase, and
sketch them on the x-z plane.
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' The surface with constant phase satisfies
Uc(r, )~ A(r) exp{ —J ( wt — ¢(r))} z—A=mA (If we ignore initial phase, z = mA4)
= U exp(—jot) where A is a constant and m is an integer.
U =A j : Compl litud
) (‘r) expl) ¢(r) ) ompIeR AmpHHee or, k(z—A) =2mrm  mp Wavefront
A(r) : Amplitude . 2 i U@) = Aexp{j k (z— M)}
¢)(r) - Phase = 1 wave numbper — 4 exp{i (k 5 — 1!))}
I(r) =< |U(r,t)|2 >= |U(r)|* = A(r)?: Intensity 27A
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Plane wave traveling along the wave vector k

AX

X-Z plane k = k(sinf 0 cos )

0 z

»
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w U(r) = Aexp{ jk(zcos 6 + xsin6)}

U(r) = A(r)exp{j ¢(r)}
The surface with constant phase: ¢ (r) = const. + 2mm, where
¢(r) =k-r =kx +ky+ k,z

k = (k, k, k,) : wave vector, -:inner product

x "y "z
Complex amplitude of plane wave:
Ulr) =A()exp( jk-r)
= A@) exp{ j (kx + kyy + kz)}

Spherical wave
Exercise 3: (2)

N The surface with constant phase
NN satisfies

\\'\/\Qﬁ‘\ \“. z r—A=mi
// \X',:'?i A : constant, m : integer.

Complex amplitude of spherical wave:

UGr) = Uy exi(jkr)

F=(X=%)> + (Y= Yo)* +(2-2,)°

Wavefront

Vectors normal to the wavefront

.= Light-rays
AL
(Surface of equal phase) X
Phase atz =z, : ¢(x,y,z) ™~
z
=1, > R

Complex amplitude at z = z; :
Ulx,y) = A(x,y) exp{ jd(x,y) }

Modulation of wavefront

object

Transmittance t(x, y)
_|_>
Ur) U() = t(x,y)U®@) Amplitude modulation
_|_>
1

Incident light

Transmitted light: distorted wavefront

transparent object
(n — 1)A: Optical path length difference
u(r)
:l:]: ¢( X,y ZHA(; 24 ) Phase modulation
ref.index.= 1

Incident light 4 : thickness u'(r) = exp{]q,’)(x y)} U(r)

(e.g. plane wave) t(x,y) =exp{jod(x,y)}

Amplitude transmittancé’t(x,y) —>U'(x,y) = t(x,y) U(x,y)




Interference

Interference

* Interference of two wavefronts
Upc(r,t) = A, (1) exp{ _j(w1t - ¢1(T))}
Uz (1,t) = Az () exp{ —j(wat — $2(1))}
<> Ensemble average
I(r) =< |Up(r,t) + Upe(r, 0)|* > (Temporal average)
= A (r)? + A,(r)?
+24,(r)A,(r) < COS{((U1 — wy)t — (¢1(7') - ¢2(7‘))} >

Interference term ‘

Optical path difference (OPD) =n - |r; — 15|
r 2
4)1(1') =n-n 7
r

2
"‘Screen |p,() — ¢,()| = TH - OPD

Young’s experiment

Incident |ight H Double slit
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Coherence JAVAVAYAVAYAYAY

‘fw #w, <cos{(w, —w,)t +¢}>=0

for the observation time > %T A\
_““"’\/\/\/\/""“—‘
I(r) = A[(r)? + A,(r)? ~\\W

— no interference term: incoherent (temporal)

*fw,=w,, — coherent
I(r) =<|U,(rt)+ U, (rt)]? >
= |U,(r) + U,(m) I?
= A,(r)?*+ A,(r)? + 24,(r)A,(r)cos{¢,(r) — ¢,(r)}
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* (Partially coherent) ]
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Spatially incoherent

No interference observed

Temporally incoherent

Bandwidth > 0
cf. coherence length <

15



Example: Interference of two plane waves
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¢$2(r) =ky T+ @, =ksinf-x+kcos -z, + @,/

¢1(r) — ¢p,(r) = ksinb-x + Ag

I(r) = A\(r)? + A,(1)? + 24,(1)A,(r)cos{p, (1) — ¢, (1)}
= Iy(r) + [;(r) cos(k sin 8 - x + Ap)

Interference fringe
I(r) = Iy(r) + I;(r) cos(k sin 6 - x + Ap)

Intensity of interfered light

Let us consider to capture the interference pattern of two plane waves U,
and U, using a CCD image sensor. U, is a plane wave traveling in
parallel to z-axis, and the incident angle of U, onto the CCD plane P is 6.
The wavelength of the light is assumed to be A.

(1) Derive the light intensity pattern (interference pattern) on the plane P,
and draw it schematically.

(2) Draw the 2D Fourier transform of the interference pattern of (1),
schematically.

What is the period T of the interference fringe?

y y
Uy(r) é z X

/
U
2(r) P cCD

Image sensor

CCD plane
(Plane P)

(3) Derive the relationship between the spatial frequency of the
interference fringe, u; [cycles/m], and the incident angle of U,, 8.

20 deg.

CCD
Image sensor

Uy(r) b



OCT (Optical Coherence Tomography)
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scale. Reprinted from Yazdanfar ef af (2000) by permission of the Optical Socicly of America.

Figure 11. Time-domain reflectometer LCI in fibre optics technology. U — U,, = Ug(t) = LCI
signal. A is the real envelope. Signals generated at only two light re-emitting sites (anterior corneal
surface and Bruch’s membrane in the fundus of the eye) are indicated.

A. F. Fercher, W. Drexler, C. K. Hitzenberger, and T Lasser, "Optical coherence tomography—principles and
applications," Reports on Progress in Physics, 239-303, (2003)
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observed only when OPD ~ 0 Lens



Diffraction Grating Superposition of sinusoidal gratings

Angle ﬂ

oo ﬂ corresponds to 1 Decomposition to sinusoidal gratings
o . Spatial frequency 6,
- u T
— 0 Angular spectrum ’T —_— O

i d H : :

. dsin@=mA j High frequency components in an image
U L correspond to large diffraction angle.
If sinusoidal grating, Object Angular spectrum
W

. 1
dsin =0, £1 W W weights

2-D Fourier transform Scalar diffraction theory

Aperture X

X G(uk+1 ’Vk+1 )

G(U,V) = [ 9(x, y)exp {2z (xu + yv) ydxdy
1 -
. ><G(UO’VO) Ul(xvyl)zﬁ’gUO(XO’yO)eXp(Jkrm)dXodyo
e
e



Huygens-Fresnel Principle

\\ U1 (x1,51)

Envelope of secondary spherical waves
Wavefront

Uo (X0, Y0)

1 .
/ Up(x1,y1) = Uo(%o»)’o) *ECXP(IICT)

Convolution with spherical wave

Fresnel approximation

If Xy — x| <<zand |y, -y, <<z

Foi =\/(X0 _X1)2 +(Y, _y1)2 +(z, _21)2
zz\/1+(XO;X1)2+(y0_yl)2

z

1 - 1
= z[1+5(¥)2 2(y0 . Yo=Hhy } ==) Paraxial approximation

Spherical wave is approximated by quadratic (parabolic) wave:

Spherical wave located at a point light source located at (x,, y,) is given by

eng r) = eng 2) exp {]Z [CGro — x1)% + (vo — 3’1)2]}

Uy(x1,¥1) =

Fresnel diffraction
exp(jkz)

k
Uy G, 7) = [ [t myess s 160 =077 + 00 = 771} aodys

Rewriting the Fresnel diffraction equation

k
Ui(x1,¥1) = eXp(j Z)ff Uo(x0,Y0) EXP{ 5= [(xo —x)% + Yo —y1)? ]} dxodyo

ik k k
= eXI;.;]Z 2 j J Uq(x0,¥0) exp {]—Z (x5 + yo)} exp{ — (xf + 7 )}

exp{ —(xoxq + }’0}’1)} dxodyo

k
=C f f Uo (%0, yo) exp {j E(xo + yo)} exp {J (x0x1 + yoyl)} dxodyy
%

k
Fourier Transform of U, (xg, vo) exp{ —(x2 + yo)}

x Phase Term

Fraunhofer Diffraction

If z is very large, %(xg + y§) is almost constant

corresponds to
Spatial frequency

Far field
diffraction

Witw, wy

U, = [ Fourier transform of U ] - Phase term
Wavefront U,

Light intensity = |Fourier transform of U,|?



Imaging through a lens system

U, (x, %)) U, (X, ,)

P,—L, Fresnel Diffraction

Image fOrmathn by a IenS Ul(x,,y,)—exlj(JkOI )HU (xl,yl)exp{J—[(X. X7 +(y, =y’ 1dxdy,

system (1)

L,—L, Phase modulation by lens

.k 2 2
U|'(X|,y|)=U|(X|,y|)P(X|,y|)exp{—jE(X, +y,)}

L,—P, Fresnel Diffraction

kd,
Object Lens Image U, (%, Y,) = exp“ )j j U, (x.,y.)expu— X, =%)” + (Y, = y) Ty dy,

_ _ Wavefront at P, and P, planes
Lens aperture = Pupil function
Pl

Amplitude P(x,,Y,) Phase L L, &

- d g,

2

/ Uz(xz, yz) = AI I h(X2= Yai X, yl)Ul(XD yl)dxldyl
f —00

1 k
h(X,, Vo5 %, ;) = — (X5 + ex X+
(X2, Y25 %, Y1) ﬂzdldz {12%( 2 b)} P{ (O +Yi )}

Optical path length:
A=n-ty(x,y) + (€ = th (e, 7))

[ P(x,y)exp[ja(dL+di—%)(x2+y2)}
o )

Transformation of wavefront Spherical wave — Plane wave
Plane wave — Spherical wave

k _ ik RS X y1 Yo }dxd
ﬁ(xlz"')ﬁz) GXP{ J {(d1 dz) +( d, 2))’} y

Phase modulation: ¢, (x;,y;) =



Optical Fourier transform and Coherent optical filtering

Py L P, L P3
- T —=HB—T1 N
< f > f > < f > f >
P,: Input , P,: Filter (Fourier plane), P: Output

Whend, =fandd, =1,

27

U,(X,,Y,) = AJ. I U, (x, Y1)CXP{j JT: X%, + y1Y2]}dX1dY1

u=x,/Af,v=y,/1f

Phase contrast imaging

* Phase shift of zero frequency component

F (X, y) = exp{id(%, Y)} = 1+ jé(X, ) (gooy) <<1)
(%, y) = exp(j g) +ig6Y) =+ igxY)

1%, Y) = 9(X,y) P= 1+ 2¢(X, Y)

Summary

» Complex amplitude of light wave
* Plane wave, spherical wave
* Wavefront
» Complex amplitude modulation
* Interference
* Superposition of two waves
» Coherence
 “Angle corresponds to spatial frequency”
» Diffraction and wave propagation
« Convolution
* Fresnel approximation
* Fraunhofer approximation
* Angular spectrum

* Image formation by a lens system



