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51l Matrix Multiply (matmul)

Multiplying a (m X k) matrix and a (k X n) matrix

y \
m|| A y B f} C m
k ‘ n N
for (i =0; i <m; i+t) {
for (j =0; j <n; j+) { .

for (1 =0; | <k I4++) { Complexity : O(mnk)
Ci,j += Ai, 1*%BlI,]

Frl
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REL IW—TOERTIEBFZANEAIND

 What happens if we exchange the sequence of for
loop?
« We have 6 implementations: IJL, ILJ, JIL, JLI, LIJ, LJI

« This change does affects neither computed results nor
compute complexity of O(mnk)

« Only the sequence of operations are changed



VORI T7EREDEE

* Performance of different 6 implementations of matmul
« Written in C language, not parallelized, gcc 4.3.4, -02
. Fortranfie X D column-major GiEE
« Elements are “double” type, column major format
m=n=k=1024

On a single node of TSUBAME?2 supercomputer

m----

Time 38.51 8.52 17.5 17.5 1.30 1.11
(sec) Slow!  Slow! Fast!

ETCHDEEDHAE=IIRLETHSH. sTERE—FKIC
[ZREZLEVHFELE !

GSIC Tokyo Institute of Technology



(ramdom access machine)

CPU cores

Memory

B ETILTIEY IR 71

RAM model

Y

FHEZ BB TEZZL)

PRAM model

(parallel ramdom access machine)

N TILeFEED matmulDEFRBATEALY

19
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CPU and Memory: Past and Present

Around 1980 ‘ Present

cPU 2MHz - 1clock = 500ns b0 2GHz > 1clock = 0.5ns

inte])

Xe eon’
2rocesso

o ? -
Memory | \CCeSS tlme_ZOOOns(,) Access time = 50ns or mo

GSIC Tokyo Institute of Technology 7



Memory Access Time

AEYT VAR HIEE DSV DEFRINNNSD ?

Around 1980 Present
2MHz - 1clock = 500ns 2GHz = 1clock = 0.5ns
Access time = 2000ns(?) Access time = 50ns or more
4 clocks >100 clocks!!

GSIC Tokyo Institute of Technology 8



ETDAEYTHORADI00YAIILOD

|T

for (i=0;i<n;i++) { Ali] = A[i]*2.0; }

|r0 |r1 time

Read
100 clocks

Read
100 clocks

Read
100 clocks

>
IIII

Calc 1~4 clocks

This is very insufficient!
Computation speed would be only 10MFlops

To alleviate this problem,

cache memory has been invented in 1968.
It became popular around 1985

GSIC Tokyo Institute of Technology 9



Cache Memory

e Fast and small memory (usually) included in CPU
* Used to store data that have been recently accessed

* Used automatically --- It is OK that programmers do not
know existence of cache memory

| iMeffibry Cofrtroller | | 1

L1 cache (64KB) Smaller Faster

L2 cache (256KB) /\ A

(included in each core)

L3 cache (12MB)

;;;;;;;;;;;;

(Main) memory N4 N

54GB on TSUBAME2
Larger Slower

GSIC Tokyo Institute of Technology 10




CacheD &= &cache line

e CachellIXIBEMNH5S
. KB~ #AMB
s TARGF-BHOEXREALIL., BIFERK Dcache line
. Intel CPUMDIE & [Lcache line sizelX64byte
. BE256KBDFyi ki, 4096{&Dcache lineMidb ALY ILD
. ZcachelinelX. TEDTRLRAZRIT N IDBEHRZEFD

11



Ty atrE)DIRE

M EEETXIBAEZL CLR—FZELH

- BELZIBEBOERMETFVY
. BETOTEMZEEAS
. BEDHICRY., EoTHRD
* B DHERMZEET DX ETHEE
* ROKIZLR—FEDOEZETHDO LIZHF—T
« ARFZNIENEVWTEFNEMICET
* LIR—FDOABNERICEAETRETHNIERZTIRT

2
FLFESIEDIFELICELEFRIMNEHNTES

VLICEWTEITALDDEIF RSN TS
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Xy 2 AT DREBERICTHE

HIDHE http://csillustrated.berkeley.edu/illustrations.php

v

load word

0x02009ADO AEYDIFEHREYHII R

%
33

0x0CAB29F0

-

ELDAE) Do BEGHLDZIMYHT

FLFEILD(FIELITES

VILICIFDEELGZDLDIZITZEES

WE LT BREDH LI EL

GSIC Tokyo Institute of Technology 13




TaglZ[FHESN TS T —ZISHIET DAEYTRFLANMREFFSND

Bif{EL-FTvyal ATl

Main
Memory
cache . -
| |

Tag | Daa ' '
ag 12345640 3B
456789C0 23456789 ...24354657 12345641 4C
2DCBA940 | FEDCBA98..1357 9B DF 12345642 5D
(invalid) 12345643 6F
invatl 12345644 70
u n n n

u n n n

u n n n
34FEDCO0 | 11223344 ..FF001122 1234567F 20

Y
64 bytes .

AEYTELAXIEHREHRML TS5

GSIC Tokyo Institute of Technology 14
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e When CPU core executes a read instruction

[

“read a 2byte data from 0x12345642”

//
/////' cache

Cpairess | owa
456789C0 234567 89 ...24 3546 57
2DCBA940 FE DCBAS9S8..1357 9B DF
(invalid)

u m

u m

u m
34FEDCOO 11223344 ..FF00 11 22

Y
64 bytes

Memory Access with Cache (1)

12345640
12345641
12345642
12345643
12345644

1234567F

Main
Memory

GSIC Tokyo Institute of Technology



Memory Access with Cache (2)

1. Calculate the start address of cache line that
includes target address
« 0x12345642 & OxFFFFFFCO = 0x12345640
« Cache line to be accessed is [0x12345640, 0x1234567F]
(64=0x40bytes)
2. Search address 0x12345640 in cache
2-1: If found, cache hit (We go to Step 5.)
2-2: If not found, cache miss (This is the case now)



3. Select a “victim” line in cache, to be deleted

Memory Access with Cache (3)
Cache Miss Case

4. Copy 64byte data from [0x12345640, 0x1234567F] in memory
to cache (This takes >100 clocks)

cache

456789C0

(invalid)

23456789 ..24354657

Cgires | e

34FEDCOO

11223344 .. FFO00 11 22

Y
64 bytes

12345640
12345641
12345642
12345643
12345644

GSIC Tokyo Institute of Technology
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Memory Access with Cache

5. Deliver the desired data to CPU core

cache

Cgires | e

... 24 3546 57

456789C0

(invalid)

11223344 .. FFO00 11 22

Y
64 bytes

34FEDCOO

12345640
12345641
12345642
12345643
12345644

1234567F

Memory

GSIC Tokyo Institute of Technology




CacheDFEICKYIIDHE

o AEYTHERIZHNBERERIE—E TAHLY
. HI[Zb=A[|EENTHHOTE
e Cache hitBF7En#clock
 Cache missEF/& b B clock
o VILFATIZEKBT I EREELHLEEHE

« Cache lineDFEIZKY., EfT7FLAZEHELTT
DR THDHIEL

19



EH - TCvictimZx1ESH
e CachelZhash table[Z{ELTLYA
 EHOAARBHY
. Direct mapping: BHfGEYNEE TEAS
. K-way set associative: Direct mapping® &D7E 3K
kB F > TR KBED>EmETVEASINTLY
HWEDZENVET
. Full-associative: £lineO MWL xbEIET7 IR

SN TULVELEDZES

> BRI T TCHEDTAEYYTEEREINTLVE
LY




BITDOCPUD Ty 1 ¥Rk

-1 FX 10 Intel Xeon
(8a7) (16a7) E5-2670 (8a7)
L1 (I/D3) 32KB (T —%) — 32KB (T —%4)
.......... a7E | oway | OO e
6MB (X F) 12MB (&% f) 256KB (a7 &)
L2
.............................................. 12way | 24way | 8way
il
L3 None None 20MB (#H)
e 20way
cache-line 128B 128B 64B cache line

GSIC Tokyo Institute of Technology
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MatmulTOD 7Ot RI|ERF

6 DMmatmulDEREIZENB-EBRIIT7IRXDELEE

c.-]

ml| A xk B )| C m
K n TN
for (?7?) {
for (?7?) {
for (?77?) {
Ci,j += Ai,1%B1,j;

« ZNIL—THNOT7ILADBATEIZEE
. E%mw)aaeﬂ;x B C

. MAMNDEE > A—TFE. BRI CT&

BERAMNIDLEE > AERE. B— . CEfE > =EIEL

]H-

GSIC Tokyo Institute of Technology 22



HOPDRIMZEED

matmulCHNIXZATZIEZS
e Goto BLAS, Intel MKL, AMD ACML...

[EY
IS

12 —pa-a-a-a-a-a-aaa-a--a
210
= 3 RO matmul-JLIEY 64Z LL &L
G
k; 6 =o—matmul-JLI
(]
S 4 —=-GotoBLAS (1core)

2 —0—0—0—0—\_._‘_‘_‘_‘_‘_‘_‘_‘_’

0

0 1000 2000 3000 4000 5000

Size of Matrices (m=n=k)

* (Naive) Simple matmul suffers from more “cache-misses”
when problem gets larger

* Optimized GotoBLAS is not only fast, but stable toward the
change of problem size

GSIC Tokyo Institute of Technology



GotoBLASTITHhNTWNBFa1—=24

* Effectively use multi-core
* Effectively use SIMD instructions
* Effectively use memory system

Cache-blocking:
ml[ A X BTG m
B L A O e e
K n n

« Matrices are broken into “blocks”, each of which are smaller
than cache size

« Sometimes data replacement occurs
« Also optimized to reduce TLB misses

Cf: K. Goto, R. Geijn: Anatomy of high-performance Matrix
Multiplication, ACM TOMS 2008



vy aIRAEFBLI=0LY

« FyyPazIRDER 3C
« Compulsory (Cold), Capacity, Conflict

Tyl 1MEMEE Associativity

Direct Mapped

. Teg Index Offset

A cache bleck can anly go in one spot in the

— . . cache. Ile'ukuocnchlb{odtV!ryulyTo
* ﬁﬁ’%:Z(Confllct mISS) e e find, bt ' 0 veryfll about whars
° #"‘("y&l%’r)d)ﬁﬁé‘:; (') 7__\\_9 2-Way Set Associative

. BIT.BEHTIVERADEES Ty — I e e

ARV T ERENDIELHD Wy Set Asscitve

. BEOTOEYYOFrvialzE |§ |
MEEMNFLV(L1/L2=8 way, L3=20 _ TR S i s
way) BNRIZICRELTLNS

Fully Associative

Tag Offset
yu 1ﬂ- ‘ : ﬁﬁ é E Z % ;‘)ﬁ [5 http://csillustrated.berkeley.edu/PDFs/posters/cache-3-associativity-poster.pdf
HH5MDRAU FRLREYREBIndex|< LU HEH

- BT (S42) DR
o {5 DABHRT VLA ERLE AV BIRE

GSIC Tokyo Institute of Technology 25




AEVERBHEREIAL—FDFRFE

NeEOEEENFZLE
° ‘Q‘E : J"_ E.I- KEEOISE. way#H,

. o JOvoHAX
T 1785 A—2 D1

2=, I [
(Intel Xeon SBiH{t) = T/_\/rj_) :;ﬁkjlﬁﬁg

L1=32kB,8way FFYAHF—4 ‘
L 2=256kB,8way :EUB b}g |$ AEU RL—X
L3=10MB,20way %iﬁﬂ%(c,
block size=64B D28 sl online TES
AR IL—A=K. ‘
F& 275 LRU. Inclusive Cache

INEOREEBOF v 1I X, BHES

. 9:1—:“/7\53'2?%27%)7“&50)1%1* nE1E
- EEHE: MEEICEZEBEDCache DIRAFEEFH S
« RO mASARBEHTE

s Xy aTAUDBHEEICEYT—2F BN

« BHITHOEADEEF vy 1 RTY VT EREENBIELHD

c MEDCPUF Y alLEEEMNSF U (SBHA TLL/L2=8 way, L3=20 way) HAKT=
[ZRELTLS

o LRUNGEB-ITUR)ZFIFO32)IZREFL., UTL—RAINBHEEIZFIFOIZIE IS
TWAEDE—HBLI-EEEHREaEHET
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MFlops/s

Fyryia

 Dynamic allocation, OpenMP ki

SN CIp e S

ExanaDAEEEMHEES 2 2L —42%FI A
. OriginalfRIZ77—AR2YyF, ALYRFOATERE (pinning) ==

« BHERIYFvyia

« NTAVTEER
« SRTEZDH A X% +1

40000

30000

20000

10000

Size L, Xeon E5-2650 v2

—e—orginal

—e—first touch
first touch & padding

1 2

Ty aiie

tEREZ3MEIC

4
Number of threads

BE DFEEZHESE

oL

8

16

it

Exana CORTIEER

first touch

Cache miss:

L1 1555798155 34.44 % of Accesses

L2 430429043 27.67 % of Accesses

L3 388956075 90.36 % of Accesses
Conflict miss:

L1 1100530140 70.74 % of Misses

L2 6156 0.00 % of Misses

L3 155648 0.04 % of Misses
ZLDF YT AFEENEEL TSI ELFEHA

first touch & padding
Cache miss:
L1 2381637 22.62 % of Accesses
L2 2379977 99.93 % of Accesses
L3 2379346 99.97 % of Accesses
Conflict miss:
L1 1292 0.05 % of Misses
L2 631 0.03 % of Misses
L3 155648 6.54 % of Misses
FrylaBmaNEY, LI SARNRE
=A 3 fEDMEER L
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e ANAVDEEEZ R EIEHHIZIE
. BE{RcrPUltgEMm L+ FiFE (R—FE)T4)

« RBIIE{ACPUEEE

Al

e L1 ESEOMABNEEEENET
e FrUL AR DREFERA
e BT IR IEEFX vy alZTLUR)—
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« TV AFTERE D
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ECIEREDEHHLEEREIT

. HREF1—=2 I EXETEHY-ILDOAEHFFE



