10. Eigen Vector (Eigen Excitation) and Eigen Value

10.1 Eigen vector

The input impedance measured at every port , eg., becomes identical in
eigen excitation. This impedance is an eigen value of the impedance
matrix of the circuit,

10.2 Eigen values and eigen vectors in circuit matrices

When eigen values are obtained for one of circuit matrices, those of
remaining matrices are determined. Also, eigen vectors are identical for
all matrices in a given circuit.

10.3 Method for determination of eigen values and eigen
vectors

The eigen values and eigen vectors of rotationally symmetric circuit is
calculated as an example.
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Eigen vector and eigen value : Definition

Consider the case that the following relation holds. That is, the input
Impedance measured at every port is identical.

Vi Ve Ve

N P K
V'1=z[1"T=[Z][I']
([Z]-z[1DlI]=

det([Z] -z [1]) =0

n solutions for z;. :> eigen values
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Eigen vector and eigen value : Example

Symmetric 2 port circuit
[Z] _ |:le ZlZ:|
Z12 le
det([Z]- z[1]) = O
(le — 2)2 - Z122 =0

=47,
(@) z,=2,+2, b) z,=2,,-2,,
B le le |11 {le le} |12 —0
| = 0 , | =
le _le _|2_ le le _|2_
-1} =1, (even excitation) 17 =—17 (odd excitation)
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Relation between circuit matrices

e
Rational function of a square matrix [M]

f(IM]) =c,(IM]—c,[AN(IM]-c,[1])---([M]—c,[1D) " (IM]-c,[1]) -
[M]E' = AE'
¢, [1JE' =c E'
(M]-c, MDE' = (4 —c,)E'
E' = (4 —¢)(IM]-c,[1) *E' mm) (M]-c,[1) 'E' = (4 —¢,) 'E'

f(IMDE' =c,(IM]-c,IID(IM]-c,[2])---(IM]=c,[1]) *(IM]~c_ 1) *---E'
=Co([M]-c,[ID(M]-c,[1])--(IM]-c,[1]) " (4 —c_,) - E
=Co (4 —C)(4 —Cp) (4 —c4) (4 —C,) "+ E

Ei : the eigen vector of [M]. ]

the eigen vector of rational matrix function f([M])= the eigen vector of matrix [M].

the eigen value of rational matrix function f([M])
Co(A —C (A —C)---(4 - C—l)_l(/li _C—z)_l
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Relation between circuit matrices

[Z]1[1']=z[1']
[YIV'I=y[V']
Here, the following relation holds.

[YI=f{Z])=[2]" =(Z]-c M)~ c,=0

eigen vectors of impedance matrix = eigen vectors of admittance matrix
eigen values of admittance matrix is given by the following simple eq. :

-1 -1
Yi = (Zi _C—l) = £
Scattering matrix and impedance matrix

[S]= (Ri[21+1)1<Ri[Z]—1> ~ ([Z]+R,)*([Z]-R,)

Z. — R
S. =(z.+R)*z -R,))=—"1_20
I (I O) (| O) Z--I—RO
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How to find eigen vectors and eigen values ?

[F)]ui — piui
[QI[Pu' = p,[Q]’
Commutative matrices [P] and [Q]:  [P][Q] =[Q][P]

[QI[PIu' =[P][Qu' =[P1([Qu") = p;([QIu")

[Q]U iis the eigen vector of [P], and has the eiven value p;.
Therefore, [Q]u' is to be proportional tou' .

[Q]ui — qiui

u' is also the eigen vector of matrix [Q].

Eigen vectors u' are obtainable from either [P] or [Q],
If [P] and [Q] are commutative.
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How to find eigen vectors and eigen values ?

rotationally symmetric 3 port circuit

[R]=

0 0 1|
1 00

0 1 0]

#3 #1 #2

[RIIZ]I =[R]v=Vv'=[Z]"'=[Z][R]i

~[RIIZ]I=[Z][R]

[R] and [Z] are commutative.

#1 #2 #3 #2 #3 #1

The eigen vectors of [Z] become identical to that of [R].

[Rlu' =r'u’
det([R]— r[1]) = 0

det

-r 0
1 -r
0 1

1
0
—r

2T 2T

=0, r’-1=0 nr=le' % e 3
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How to find eigen vectors and eigen values ?

(hr=

/ul\

(u, )
= u2

\Us /

=) u'

/1\
1

1
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