9. Scattering Matrix

The matrix representations of circuit are addressed focused on the
scattering matrix. The topics include:

9.1 Definition of scattering matrix

9.2 Scattering matrix and transmission matrix

9.3 Relation between scattering matrix and impedance matrix
(9.4 Method for determination of scattering matrix)
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Definition

Along a transmission line

V(y)=V.e” +V e W = rL ie‘ﬂy+
e

I(y)=i(VeW ~V e“'ﬁ‘/)— 1 ' ejﬂ‘/J (9.1)

_ — i J'/JS/__

Let’s define the following quantity.

_ Vi, a(y)|” = M : incident power

a(y) JR

Vi z Nr\
b(y) =——=e " > b(y)|" = - reflected power
R R,
V(y)+RI(y)

V(y) =R (a(y) + b(y)) = ="

1
I(y) = ﬁ(a(y)—b(y)) (92) b(y):V(y)zQ%I(y)

(9.3)
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2-port circuit

al(Y) -

bl(Y) =

a, (X) -

bz (X) =

Vi(y) + Rl (y)
2Rt
Vl(Y) T Rclll(y)
2,/R4
Vo (X) + R, 1, (X)
2./R.,

Vo, (X) =R, 1,(X)
24 R,

—>a,(y)

az(x)<_

<_b1(Y)

R, [port-1

O—

bz(x)_>

port-2( R,
—O

y=0

x=0

Definition of scattering matrix: a,;=a,(0), etc
bl = Sllai + SlZaZ
bz = SZlai + Szzaz (9-4)

[blj _ (811
b2 S21

b=Sa

S, j[alj
S22 a‘2

(9.5)
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Loss-less properties

'
Input power is given by

1

\a1\2+\a2\2 Sy D

I
~
jab}

[y
Q
[y
@
S
N—r”
Il
)
jabj

a : transpose conjugate of a
Loss-less : input power = output power

aa=hb
b=Sa
b=as
da—bb=3a-3SSa=3a(I-SS)a=0
~.SS=SS=1 (9.6)
Reciprocity:
b, b,
al, &l ) | S =35

55, =Sy (9.7)



S-matrix and T-matrix

e
T-matrix

a; | T, Tu )b 98
(bj_[Tﬂ Tzzj{azj 09

suitable for cascaded connection

ol
bl a2|

Jalt) il e
a'2I a2 bl a'2

From the definition of S-matrix

1 S
al :ibz_siaz Tll =—) le :_i
S21 Sa1 S21 S21
S S..S S S..S
b, ==ph +|S, -2 |3 _ 1 _ 11922
. o1 ? [ 2 S, j ? T21—S—’ T22_812_
21 21

(9.10)
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S-matrix and Z-matrix

[N

V, +Ryl;
a. =
: 2‘/
V; =Ryl ‘
b- cj ]
2R,
Then,
Vl Rcl
V2 _ RCZ
V. 0
V1 [VRI([a] +[b])
Rcl
R
[VR]= ?
0

= /Ry (a; +b))

1
=———(; -Db;)
R,
0 a, Ry
i
R.,, \a, 0
0
R

cn

(9.11)

R02

cn

(9.12)



Similarly,

[11=[VR]™([a] - [b])

[WR]

Since

1 _

V]

[1]3

S-matrix and Z-matrix

=[Z]

VI=[V,1+V,]

[1]

-[RIT(Vi1-1V, D)

Vi1+ [V 1= [Z]RT(V]1-IV,])

(9.14)

A+[ZIIRI)IV, 1= (ZIRT" -DIVi]  (9.15)




S-matrix and Z-matrix

b] =[S][a]

Thus,
L+[Z]1[RIIVR]

V|]:[\/E [a]
V,]=[VR][b]

S1=([Z1[R]™ -D[VR]

~[S]1=WRI*@+

Z][R]

HIZIRI -DIWR]  (9.16)

Especially, for

R —

J

WRI =21,

JRy

R, (J=1,2,3...n)

R :Ri[ll, [WVR]= R, [1]

2 [z] —1j =([Z]+R,)"([Z]-R,) (9.17)

1 -1
[S]:(“R—O[Z]J (Ro
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How to find S-matrix elements ?

Simple method:

b1 = S113-1 — S11 =

bz = SZlal — S21 =

b,

1

a2=0

2

1la2=0

(9.18)

Deshamp’s method

, but a,=0 is hard to realize.

Terminate port-2 with an impedance Z, ,

—~ Reflection by the impedance Z,, is given by S, =

az ZL2 B Rcz

b, Z,,+R
b, _b,a, _ 13 ¢ a, 2ok e
= = =Sy +S,—=
a aa S, &
a,( 1 a S,.S
_)2[_522]2821’ 2 _ _ P2Y2
a Sz ad 1- S2282
Reflection at port-1: S, = b S, +S, 8 _ S+ (Oudu = 535%), (9.20)
A ad 1- S2282
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How to find S-matrix elements ?

S, and S, : linear transformation
When S, moves along a circle S =exp(-2 jAX)
S, moves also along another circle.

(1- S2282)81 =Sy + (812521 - S11522)82
((812821 —S115,) + S2231)82 =3, -3,
82 _ 81 B S11
S2281 + (812821 o S11822)
‘82‘ =1 (S, is located on a unit circle) gives the following relation.

(9.21)

(1_ S228_22 )818_1 — ((812821 o S11822)8_22 + S11)8'_1 o ((512821 o S11822 )522 + S_11
™ (811811 — (81252 - S11822)(312821 ~ 511952 )): 0 (9.22)

center:DSZZ +i11 5125, S_
1-S,,S, 1-S,,5,

+S,, (9.23a)

\/ DS, + S| - (- 825,)(3,,5,; - DD) SSal g g
1- Szzg 1- Szzg |
where D =(S;,S, —S;,S,,)

radius:
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How to find S-matrix elements ?

By changing the position of movable short, x, we can
measure the corresponding reflection S,;.

(S, moves also along another circle.)

e.g.
for S, =41 S, = Sy i(33-2_8281 —S15)
T 9y

By the correspondence between S; and S,, we can determine S;.
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