8. Coupled Mode Theory

8.1Coupled mode equation
unperturbed (uncoupled) eigen mode

VxH, = ja)goNfEi
VXI’éi :_jwﬂOI:'i
Ei — E g lth
{Hi =He!“ " (i=12)
Perturbed (coupled) mode is expressed by superposition of unperturbed

modes. _ _
{E = A(2)E, + B(2)E,

H = A(z)H, + B(2)H,

~ : ~ dA ~ dB ~
VXE:—Ja)ILlOH EUZXE1+EUZXE2:O (a)
VxH = jos,N2E dA, «f + 0B H. — | 2_N2)AE. — i 2 _N2)BE
= Jwg, EUZXH1+EUZXH2—ja)SO(N —N;)AE, - jog,(N“—N,)BE, =0

(b)
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Coupled mode equation

<o~ ~. dA dB _is-p): . : BBz
(E-O)-F @bs =0 g+ Cargy @ It g B <0

e G dB  dA o .
J] (Ez -(b)—H, -(a))iS =0 EJFCZlEeMZ P2 4k, AeIP A e B=0

[Ju, - (E7xH +E xH/)ds
" [fu, (B xH +E xH,)dS
a)goJ-J'(N2 - sz)Ei* -E,dS

C

Ki' = * * ia | :112
J ”uz-(Ei xH. +E, xH, )dS (1.] )
normalization condition: C o —C
[[u, & xH, +E xH)ds =4P =1 — {K”_K J .
11 = M1 22 — V22
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Coupled mode equation

power carried by electromagnetic wave
1ep,= s
:EH(EXH )-u,dS
_ %(\ A’ +|Bf + AB'C,, e /%" + A'BC,, e72")
5 — ﬂZ _ﬂl

2
power conservation condition : ((jj—P =0
Z

—(A +B'C, e 1252)+dA (A+BC,e '*")

+d—B(B +A'Ce “25Z)+d (B+AC,, e!?%)

+ j26(AB'C,, e/2* — A’ BClze 128y = 0
(—K,, +1c12 + 25(312 )AB Tglea + (—x, -I—K‘21
— K, + K‘lz* + 25(312* =0

SoKy =K, +20C,

—28C,,)A'Be 2% =
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Coupled mode equation

In case of symmetric coupled waveguide: 6 =0
‘ Ky =Ky~
in case of weakly coupled waveguides: C, ~0

Ky — PN O Ky — k1,C5
Ka - 2 ! Kb - 2
— Ky, +K,,Cy, T Kyt k,Cy

a, = , O =
1-[C,[* © o 1-[c,f

‘;—’j — jx,B(2)e % + ja, A2)

B A
E:_JKbA(Z)eJZ5 + ], B(2)

C,=0 x,=x,=0 ‘Ka:’(lz Ky =Ky a,=0a,=0

dA : BBz
E:_JKHB(Z)e 1(B2-51)

CCiI—B = — ji,, A(z)e e A)? (coupled mode equation)
z



8.2 Coupling coefficients
.

Consider a TE mode propagating in a slab N

waveguide extending y-z plane. k

E =(0,E,.0)
H=(H,,0,H,)
H ——F E

x y
Wi,

(E, xH,+E,xH,)-u,

= 2Re[(E1* X Hl)-uz] :%‘E
0

normalization condition:

[[(E) xH, +H,xE,")-u, =4P, =1

X v
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Coupling coefficients
e

coupling coefficient:
C,= I(El* xH, +E,xH,)-u,dx
- I(_Ely*HZX - EZyHlx*)dX

_bA+ B J'Ely*Ezydx
W
= 290 (g “E, dx
ko D+b
. LN 2 N2\ ( 2 2 2
ey = 2o [(NPN")E, - Eydx = g, | (n,%-n,")E,, | dx
D-b

e, = weg [(N2N,7)E, - E,dx = we, [(n,>-n,?)E,, E,,dx

—a

field intensity : core region=1, clad region=7(<<1)
K1 O @&, (n22 - n§)772
2
Kpy o W& (Ny — n§)77

C,, o (wg,nlk,)n n/k, <<1

N
A
n,
n,
‘ . Ny
-a X
D-b" D+b
N,
A
n
Ny
X
N,
A
n,
Ny
X
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8.3 Co-directional mode coupling

_ _ *
C,=0 x,,=x,

coupled mode equation:

|

d_A _ _jKlzB(z)e—J(ﬂz—ﬂl)z
dB : a5y
E — —JKZlA(Z)eJ(ﬂz Br)

A 4

A(2) = (a,e'* +a,e 1%)e
B(z) = (b,e'* +b,e '#)e)”

A(0)=a, +a,
B(0) =b, +D,

.0 . :
cosgz + | —singz)e %
A@D)] (cosq Jq qz)
B(z)

-_ *

— j—22-sinqze!”

q =[] +6?

|

. K . i
— j—Zsinqze

(cosqz — j 9 sin qz)e’”

|

A(0)
B(0)

|

N
A ;
N,
n1
I No
-a a D X
D-b" D+b
N,
A
n,
| No
X
N,
A
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Ny
X

8-7



Co-directional coupling
.
iInput from guide-1: A0)=A, B(0)=0

—joz

A(z) = A,(cosqz + j %sin gz)e
< *

B(Z)—Ao( - ] —2-)sin qze

Pa ‘A(Z)‘ 2 5° . 2 ‘12‘
= =CO0S™ (Z +—-SIn C|Z— sin® gz
P A q’ @
2
:Zb = ‘K(;zz‘ sin® gz :%sinzqz
0 1+
e
T
_ Py 1
coupling length: L = l ‘
21/K12‘ +6° P 1+ 6°
T P ‘Klz‘
= L = , —==1
phase matched (5=0) ‘ c 2\!612 P
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Co-directional coupling

P i 2 2 2 — P i
coupled power: —> = = 7y sin \/\Ku\ G TV

P - 4
in 1+ (ﬂz

2
4‘1{12 ‘

: P :
symmetric coupler g, = 3, ;055 =sin’|k,,|z

in

asymmetric coupler: |4, — f,| = 24/3[«] ‘ % = %sin2 2lk|z

cross state: 6.=5
bar state: |4 - 5| =23/
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