3.Plane Wave in Free Space

Starting from Maxwell's equation, we obtain set of differential equations
similar to the transmission line equations.

rotE = — jwB rote = — jouH
rotH = joD+J_+J, ‘ rotH = joek
D=¢E,B=uH,J, =oF p=J,=0

Assumption: time dependence exp(jot)
propagation along z direction
no variation in transverse directions (X, y)
no E, (E, only)

Then, Maxwell's equations are reduced to

: oH, .
0=—jouH —— = jweE,
4 H, =H, =0
T oM, a:Xﬂ'wEEy:O = H.=H. -
Z



Plane Wave in Free Space
[

plane wave
dE : L "
G~ Jord, =—(Jouror")H,
dH _ :
. L =— jweE, = —(jwe'+we")E,
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dVv (2)

dl(z)
dz

=—-2,1(2)

transmission line
(Zy =R+ jol)

Y,V (2) (Y, =G+ joC)

from the similarity to the transmission line equation
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4. Transmission Line Composed of Two Conductors
.
4.1 Electro-static model

The electromagnetic (EM) wave of TEM mode can be determined by
an electro-static model.

E=E (x,y)e™”
H=H(x,y)e™
USEV=Vt+k§=Vt—7/k In VxE=-jouH
then, (V,—-)K)xEe” =—jouH e™” ‘ VixE =0 _ B =-V4,
—KxE, =—-JouH, —
VM= jo  m) VMO 1H =Vt
koxH, = josE, —

—Kx(KxE,) = _a)zgluEt
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Sy =—0tsu




Transmission line with two conductors

Et = _vt¢e
divE=0

— | Vig, =0

7/k><E
Jou

— K xE, =—JouH,—— H,

divH =divH, =V - ( kxEj
Jou

2 (B, - Vxk-k-VxE,)=—2K-VxE, =0

jou jeop
E=E, (x,y)e”
H=H (X y)e™”
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Sy =—otEu




Coaxial line and strip line

4.2 Coaxial line

charge density per unit length=g[Cm-]

—>Vvoltage between inner and outer conductors=V
—>capacitance C[Fm1] g

L V. ¢ &
->characteristic impedance Z, =—= C_ _ e
I q C
\EH
4.3 Strip line
Dominant guided mode is a TEM mode. ',,—‘-_-_-_-_-.‘f_'_'_'_‘_A_‘_*_‘_'_-_A_-_-:_-::\ |
W 46\N I:\(~ < w——> ""':
C=2xe+ A R i g
X & b~ b c. i
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Micro-strip line

4.4 Micro-strip line
a quasi TEM mode
approximate representation of characteristic impedance

O-th order approximation

C=s2 Zcz\/ZE
h E W

1-st order approximation (Schneider's expression)

1
g +1 ¢ —l( thj_Z
Egp = + 1+ —

2 2 W
1
p= A €eit Po (B, = 8, Eolly), L= Z

& off

2 0.753
Z.,=60In fh+\/1+(2hj , f_6+0.283exp[—(30.7h] }
WO WO WO

t tY 1
W, =W+ Aw=w+—In| 4e/ (—j +— >
T h 7o (w/t+1.1)




5.1 Rectangular waveguide

EM field of TE and TM mode
orthogonal relation among eigen modes

B, =—louH, (5.1.a) oH, +H, = ok,
—oH——
y/ aRew = Joek,
aHy_éHx_
oy
4 8?—IZ
“ B ox
H —_78HZ

(5.1.d)

(5.1e)

(5.1.1)



Rectangular waveguide
.

jou 0°H, ja),u O°H,

g g oy M
2 2

.'.al_iz+aH =—pH,
OX oy’

LA, 1dY
X (x) dx? Y(y) dy® ‘

1 d*X )
X (x) dx? £
1 d¥ )
vy dy? D

B+ By =B

X (x) = Asin g, x+ Bcos g, x
Y(y)=Csing,y+Dcos g,y



Rectangular waveguide
.

H, = X(x)Y(y)
X (x) = Asin S, x+ Bcos f,x

Y(y)=CsingB,y+Dcos g,y

boundary condition at x=0, a

ﬁx(ACOSIBxX —Bsin ﬂxX)Y(y)

c _JoudH, jou

OB x B
A=0 (E,=0 at x=0)
sin f,a=0 (E,=0 at x=a)
mrz
'.'ﬂX:—
a

boundary condition for E at y=0,b

C=0

sin 8b=0 SB, = %[



Rectangular waveguide

[
Field components are determined as

HZ — Hocos%xcosn{y (Either n or m can be 0)
a
| n m . N
Exzjwzﬂ H, ”cos—ﬂxsm—ﬂy
B: b a b
— ] mz . m n
E, = J?”HO “ sin ﬂxcos—ﬁy
A a a b
mz . m n
szleo % sin ﬂxcos—ﬂy
B a a b
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Rectangular waveguide

TM mode
.. m .Nn
EZ:EOsm—ﬂxsm—ﬁy (m,n>1)
a b
— m m . N
E, = ZEO ﬂcos—”xsm—”y
: a a
—y - Nz . Mmr Nz
E,=—%E, sm?xcos—y

c

Jos - Nx . mrx

H, = E,——sIn xcos%zy

—Jwe - mMmx Mz . Nrx
= E, COS Xsin—1y
b




Field distribution
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Reference: Y. Naito
Micro and Millimeter Wave Engineering
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Rectangular waveguide: orthogonality

TE mode (between transverse field component)

Ee = ja)zu _OH, i+8HZ j
B oy OX

EeHe:_Ja)/uy _6HZ aHZ_|_8HZ aHZ
o oXx oy  oOx oy

TM mode (between transverse field component)
Em = —y(@EZ i OE, jj

o\ ox oy
n Jowe(0E,. OE, .
Ht :J 2 I = J
p; Loy  OXx
SEMHT = =

— jowey (6EZ OE, OE, CE, j

B L ox oy ox oy
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5.2 Circular waveguide

VXH—I(laH 6H9j+i0(aHr—aHZjHZE(a(rH@)—aHfj
00 0z 0z or r or 00

TEmode 1 _y 3 (4r)cosnd

__ja)ll'llaHZ
" BZ r 00
Jou oH _Jou
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_716Hz 2 2 2
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"= 577 op (B =vr 1)

['4

2
Jn'(,BCa) =0—>q,,=62a ..B.= Ao 7:i\/(q”mj — s

a a




Bessel function J (x)

q21 qoz
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o ¥
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Reference: Formula in Mathematics



Circular waveguide : TM mode

TM mode
E,=E,J (5.r)cosnéd
Er:—jzfﬁEz
pooor
-y 10E 7 n :
E — il —— E =" —E_J 0
0 IBCZ r 00 0 ﬁcz r 0 n(ﬂcr)SInn
_ Jwe 1 CE,
" BZr o6
— Jwe OE P T
H, = . =y +w'¢
0 ﬂcz ar (ﬁc 7/ ‘Ll)
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‘Jn(ﬁca)zo_) Prm :/Bca :Bc = G , 7/:i\/( pnm) —a)zglu
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Bessel function J (x)
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Reference: Formula in Mathematics
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Reference: Y. Naito
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5.3 Cut-off

.
cut-off frequency:

- The frequency at which the propagation constant of the mode concerned y

becomes 0.
- The mode is evanescent below that frequency.

Rectangular (a=2b): listed in the order of lower cut-off frequency

TE,, 2 2
(M) (Y e,
TE,, TE,, (same cut-off frequency) 7=407 - 41

TE,; TMy,

Circular : listed in the order of lower cut-off frequency
2
TEy TE —mode: y=i\/(q”mj —0’su

2
P 2
TM —mode: 7:1\/(ﬂj —o°gu
TEy TMy, a
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