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𝑥 𝑛 𝑥0 𝑛 𝑣0 𝑛 𝑢0(𝑛)

H0(z) ↓ 𝑀 ↑ 𝑀 F0(z)

H1(z) ↓ 𝑀 ↑ 𝑀 F1(z)

HM-1(z) ↓ 𝑀 ↑ 𝑀 FM-1(z)

   

M-channel Filter Banks

𝑥1 𝑛 𝑣1 𝑛 𝑢1(𝑛)

𝑥𝑀−1 𝑛 𝑣𝑀−1 𝑛 𝑢𝑀−1(𝑛)  𝑥(𝑛)
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z-Domain Analysis

𝑋𝑘 𝑧 = 𝐻𝑘 𝑧 𝑋 𝑧

𝑉𝑘 𝑧 =
1

𝑀
 

ℓ=0

𝑀−1

𝐻𝑘 𝑧1/𝑀𝑊ℓ 𝑋 𝑧1/𝑀𝑊ℓ

𝑈𝑘 𝑧 = 𝑉𝑘 𝑧𝑀 =
1

𝑀
 

ℓ=0

𝑀−1

𝐻𝑘 𝑧𝑊ℓ 𝑋 𝑧𝑊ℓ

 𝑋 𝑧 =  

𝑘=0

𝑀−1

𝐹𝑘 𝑧 𝑈𝑘 𝑧

=
1

𝑀
 

ℓ=0

𝑀−1

𝑋 𝑧𝑊ℓ  

𝑘=0

𝑀−1

𝐻𝑘 𝑧𝑊ℓ 𝐹𝑘(𝑧)
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Reconstructed Signal

 𝑋 𝑧 =  

ℓ=0

𝑀−1

𝐴ℓ(𝑧)𝑋 𝑧𝑊ℓ

𝐴ℓ 𝑧 =
1

𝑀
 

𝑘=0

𝑀−1

𝐻𝑘 𝑧𝑊ℓ 𝐹𝑘(𝑧)where

for 𝑧 = 𝑒𝑗𝜔

𝑋 𝑒𝑗𝜔𝑊ℓ = 𝑋 𝑒𝑗 𝜔−2𝜋ℓ/𝑀

for ℓ ≠ 0, this represents a shifted version of 𝑋 𝑒𝑗𝜔
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Analysis Filters, Shifted 

Versions and Synthesis Filters

H0(z) H0(zW)H0(zW2)

H1(z)H1(zW)H1(zW2) H1(zW2)H1(zW) H1(z)

H2(z)H2(zW) H2(zW2)H2(z)

F0(z) F1(z) F2(z)F1(z)F2(z)

H2(zW) H2(zW2)

−𝜋 − 2𝜋/3 −𝜋/3 0 𝜋/3 2𝜋/3 𝜋

−𝜋 − 2𝜋/3 −𝜋/3 0 𝜋/3 2𝜋/3 𝜋

−𝜋 − 2𝜋/3 −𝜋/3 0 𝜋/3 2𝜋/3 𝜋

−𝜋 − 2𝜋/3 −𝜋/3 0 𝜋/3 2𝜋/3 𝜋
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Alias Component Matrix

𝑀

𝐴0(𝑧)
𝐴1(𝑧)

⋮
𝐴𝑀−1(𝑧)

=

𝐻0(𝑧) 𝐻1(𝑧) ⋯ 𝐻𝑀−1(𝑧)
𝐻0(𝑧𝑊) 𝐻1(𝑧𝑊) ⋯ 𝐻𝑀−1(𝑧𝑊)

⋮ ⋮ ⋱ ⋮
𝐻0 𝑧𝑊𝑀−1 𝐻1 𝑧𝑊𝑀−1 ⋯ 𝐻𝑀−1 𝑧𝑊𝑀−1

𝐹0(𝑧)
𝐹1(𝑧)

⋮
𝐹𝑀−1(𝑧)

𝑨 𝑧 = 𝑯 𝑧 𝑭 𝑧 =

𝐴0(𝑧)
0
⋮
0

to cancel aliasing
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M-channel PR Filter Banks

in principle by

𝑭 𝑧 = 𝑯−1 𝑧

𝑧−𝑛0

0
⋮
0

•Matrix inversion is difficult

•𝐹𝑘(𝑧) may be IIR even if 𝐻𝑘(𝑧) is FIR

•𝐹𝑘(𝑧) may be unstable
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Polyphase Representation

𝐻𝑘 𝑧 =  

ℓ=0

𝑀−1

𝑧−ℓ𝐸𝑘ℓ 𝑧𝑀

𝐻0(𝑧)
𝐻1(𝑧)

⋮
𝐻𝑀−1(𝑧)

=

𝐸00(𝑧
𝑀) 𝐸01(𝑧

𝑀) ⋯ 𝐸0,𝑀−1(𝑧
𝑀)

𝐸10(𝑧
𝑀) 𝐸11(𝑧

𝑀) ⋯ 𝐸1,𝑀−1(𝑧
𝑀)

⋮ ⋮ ⋱ ⋮
𝐻𝑀−1,0 𝑧𝑀 𝐸𝑀−1,1 𝑧𝑀 ⋯ 𝐸𝑀−1,𝑀−1 𝑧𝑀

1
𝑧−1

⋮
𝑧−(𝑀−1)
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Analysis Bank



H0(z)

H1(z)

HM-1(z)

𝑬 𝒛𝑴



𝑧−1

𝑧−1

𝑧−1

=
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Synthesis Bank



F0(z)

F1(z)

FM-1(z)

𝑹 𝒛𝑴

𝑧−1

𝑧−1

𝑧−1

=
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Polyphase Representation of

M-ch FB

𝑬 𝒛𝑴

𝑧−1

𝑧−1

𝑧−1

↓ 𝑀

↓ 𝑀

↓ 𝑀



↑ 𝑀

↑ 𝑀



↑ 𝑀

𝑹 𝒛𝑴

𝑧−1

𝑧−1

𝑧−1
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Noble Identity

𝑧−1

𝑧−1

𝑧−1

↓ 𝑀

↓ 𝑀

↓ 𝑀


𝑬 𝒛


𝑹 𝒛

𝑧−1

𝑧−1
↑ 𝑀

↑ 𝑀



↑ 𝑀

𝑹 𝒛 𝑬 𝒛 = 𝒛−𝒎𝑰
necessary and sufficient 

condition for PR

𝑧−1
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DFT Filter Bank

𝑊∗

𝑧−1

𝑧−1

𝑧−1

↓ 𝑀

↓ 𝑀

↓ 𝑀



↑ 𝑀

↑ 𝑀



↑ 𝑀

𝑊

𝑧−1

𝑧−1

𝑧−1

𝐻0 𝑧 = 1 + 𝑧−1 + ⋯+ 𝑧−(𝑀−1)

𝐻𝑘 𝑧 = 𝐻0(𝑧𝑊
𝑘)
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High-Order FIR PR System

R0

𝑧−1

𝑧−1

𝑧−1

↓ 𝑀

↓ 𝑀

↓ 𝑀



𝑧−𝑀

R1

𝑧−𝑀



𝑧−𝑀

 RJ

↓ 𝑀



𝑅𝑚: MxM constant

non-singular matrix

Analysis Bank

𝐸 𝑧 = 𝑅𝐽Λ 𝑧 𝑅𝐽−1 ⋯Λ 𝑧 𝑅0

Λ 𝑧 =
𝐼𝑀−1 0

0 𝑧−1
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High-Order FIR PR System

𝑧−1

𝑧−1

𝑧−1

𝑧−𝑀

 

Synthesis Bank

↑ 𝑀

↑ 𝑀

↑ 𝑀


↑ 𝑀

1

JR

𝑧−𝑀

𝑧−𝑀

𝑧−𝑀


1

1



JR

𝑧−𝑀

𝑧−𝑀

𝑧−𝑀


1

0

R

𝑧−𝑀

𝑧−𝑀
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Applications of Filter Banks

• Subband coding

• Audio compression

– MP3, AAC

• Image compression

– JPEG2000
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Wavelet

H0(z) ↓ 2

H1(z) ↓ 2

Filter Bank Tree

H0(z) ↓ 2

H1(z) ↓ 2

H0(z) ↓ 2

H1(z) ↓ 2

scaling function

wavelet

Wavelets are localized waves.
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The lowest frequency branch

its impulse response   ℎ0
𝑖 (𝑛)

become infinitely long for 𝑖 → ∞

𝐻0
𝑖 𝑧 =  

𝑘=0

𝑖−1

𝐻0 𝑧2𝑘
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Wavelet

constant relative band width



Multiresolution

𝐻1(𝑧)𝐻0(𝑧
2)𝐻1(𝑧)

𝐻0(𝑧
4)𝐻0(𝑧

2)𝐻1(𝑧)
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𝑓𝑖(𝑥) : piecewise constant function

with value 2𝑖/2ℎ0
𝑖 (𝑛) in the interval 

𝑛

2𝑖 ,
𝑛+1

2𝑖

support of 𝑓𝑖(𝑥) is [0, 𝐿 − 1], 𝐿 is the length of ℎ0(𝑛)

i ,   f i (x)  continuous function f (x)

or a function with many discontinuities

Limit Function 
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Wavelet

necessary condition for convergence:

𝐻0(𝑧) has a sufficient number of zeros at 𝑧 = −1

𝜙 𝑥 =  

𝑛=−∞

∞

ℎ0 𝑛 𝜙(2𝑥 − 𝑛)

𝑤 𝑥 =  

𝑛=−∞

∞

ℎ1 𝑛 𝜙(2𝑥 − 𝑛) wavelet

scaling function
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Short Time Fourier Transform

Windowed Fourier Transform

Wavelet Transform

time time

Time-Frequency Grid

𝜔 𝜔
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Exercise 7

1. For an alias-free 𝑀-channel filter bank let the distortion function be 𝑇(𝑧).   
Show that a new filter bank whose analysis filter 𝐻𝑘(𝑧) and synthesis filter
𝐹𝑘(𝑧) are interchanged is also alias-free.   What is the distortion function 
of that new filter bank?

2. When synthesis filter 𝐹𝑘(𝑧) is replaced by 𝐹𝑘(𝑧𝑊
ℓ) (ℓ is an integer 

independent of 𝑘) for a perfect reconstruction M-channel filter bank, 
derive its output.   Can you recover its input from that?

3. Prove that the following two systems are equivalent (𝑦0 𝑛 = 𝑦1(𝑛)) when
ℎ𝑘 𝑛 = ℎ0(𝑛) cos 2𝜋𝑘𝑛/𝐿 holds for arbitrary integer 𝑘.

Are the two systems still equivalent if the L-fold upsamplers are omitted?

4. Read the following paper;

P. P. Vaidyanathan, “Quadrature Mirror Filter Banks, M-Band Extensions 

and Perfect-Reconstruction Techniques”, IEEE ASSP Magazine, 

Vol.4, 3, pp.4- 20, July1987

↑ 𝐿 Hk(z) ↑ 𝐿 H0(z) X

cos 2𝜋𝑘𝑛/𝐿

𝑥 𝑛 𝑦 𝑛 𝑦0(𝑛)
𝑢(𝑛)

𝑥 𝑛 𝑦 𝑛 𝑦1(𝑛)


