Multirate Systems

——)

—| H; 1 H, H
fl f2 f3
applications

ecOmmunication systems

. sampling rate

*speech and audio processing systems

eantenna systems
eradar systems

etc.
rCD 44.1kHz
. . studio 48kHz .
e.g. digital audio systems- broadcast 32kHz |conversion
. DVD audio 192kHz



Sampling Rate Conversion

analog method —| D-A | LPF 0 o— A-D —
. . x(n) m
direct digital method T19m (1) ¥ )1 .
T —_— T, — —,
F F

linear time-varying system

assume
T" F M

= —=— L, M : mutually prime integers

T Fr L



Sampling Rate Reduction

Decimation by an Integer factor M

T’_M F,_F
T M

x(n) : fullband (0~) B

to lower the sampling rate and to avoid aliasing
LPF Is necessary

| ( , _2nF'T _m
h(n)<—>H(ef“))=< o] < 2> M
0 otherwise




Observation in Time and
Frequency Domain

i 2
% X () |0 TZ’T _____
w(n) = RZOO h(k)x(n — k) IH(e®)] s
y(m) = VZO(M’") o zﬂ
=Y hm =y
not tir;loeo-invariant |Y(ejw)|ol'i |

consider an integer shift (not multiple of M)



Z-domain relationship

new signal w'(n) = wn) n= TM.
0 otherwise
1 11
product of w(n) and ___‘ ‘ ‘ -
0O M 2M

FOUI’IeI’ series representation

w'(n) = w(n) — 2 e J2mtn/M



z-domain relationship (cont’d)
y(m) =w'(Mm) = w(Mm)

Y(z) = 2 y(m)z ™™ = Z w' (Mm)z™™

m=—0oo m=—oo

w'(m) is zero except at integer multiples of M

. i w'(m) z~™ z w(m) — Zeﬂ”f’m/M -m/M

m=—oo m=—oo =
M-1 00 M
Z w(m) ej2mtm/M z=m/M _ z e =J2mt/M 51/M)
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z-domain relationship (cont’d)

Since W(z) = H(z)X(z)
M-1

Y(z) = % 2 H(ej2mt/m1/M) x (g=i2mt/m 1 /M)

£=0 |
on the unit circle z =e¢e’/*' (0w’ = 2nfT")

Y(ejwr) _ %Mz_:l H (ej(w’—zm))/M) X (ej(w’—Zne)/M)
£=0

If H(e®) can filter out the components above %
Y(ef“)’) o %X(ejw'/M) for |w'| <m



Sampling Rate Increase

Interpolation by an Integer Factor L

=2 F =ILF
T L

[

Interpolate L-1 new zero-valued samples
between each pair



Observation in Time and
Frequency Domain

XxX\n wn n
) we )=h(n) y(m)
- jw P Vo |
x(n) | 1 X (e )01 . :

w(n) Ll .

y(n) T

———————————

e[
v |

m

w(n)=<fx(f) m=rl

\ 0 otherwise

0.0)

W(z) = Z w(im)z™™ = z x(m)z~™ = X(zH)

m=—co

il jo' — v(,jol\

m=—oo

(/] — D £fT! iy — DT



eliminate the unwanted spectra

| ( . _2nFT' &
H(e]w)E<G lw'| < > =Z
L0 otherwise

then

fGX(ej“)'L) '] S%

Y(e/o") = H(e/)X(e/') =<
0 otherwise
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Why gain G ?

in the case of decimation,
If |H(e®)| = 1 for |w] <

L y(0) = w(0) = x(0)

for interpolator ,

T
M;

T

Y = [ Y (eI da = [ e x(er)do

—TT

m/L T dw G
= Gf X(e/)dw' = Gf X(ef“’)Tw =zx(0)
—17/L [

so G=L is required to match the amplitude
of the envelopes of y(n) and x(n).
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Oversampling DF for CD Players

e

o 441k
oversampling

[RN )

. :
0 44,1k 88.2K

e,

. i
0 44,1k 88.2k

i i
0 44.1k  88.2k

for direct D-A conversion
sharp CT LPF is needed

sharp digital filter
IS easier to implement

this gentle CT LPF Is
easy to implement
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Multistage Implementations

for a large integer factor of
decimation/interpolation

—1H,@) — i M, " Hy(2) 1 M, " Hy @)l M3 —

more efficient in terms of
the number of computations per unit time
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Polyphase Representation
(Bellanger 1976)

H(z) = z h(n)z™" = Z h(2n)z=°" + z h(2n + 1)z~ @n+D)

Ey(z) = )2, h(2n)z™"

definition { E (2) = Y%, h(2n + 1)z-"

H(z) = Ey(z%) + z71E{(z%)
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examples

FIR HZ) =1+2z"14+3z"%+4z"3+5z"*
=1+3z72+52z7* +z7'(2+4z7?)

Eq(z)=14+3z71+5z7%2 E(z)=2+4z"1

1 1 az~ 1

= +
—az 1 1—a?%z72%2 1-—qa?z72

IR H) =+

1
Fo(2) = 1—a?z71 £1(2) = 1—a?z71
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Generalization

M-1

H) = ) 2 B (z")

k=0
E. (z): polyphase component

coefficient e (n) = h(nM + k)

M-fold decimated version of h(n+k)

16



Fractional Sampling Rate

Conversion
—=2 o F =3=F
T L M
x(n) 1 w (k) K s(k) K v(k) Y y(m)
Interpolation decimation
F F" =LF Fl=_F
— —— U M
( ) 2nFT (M T
H(eja)") ~ L |a) | = > < min (Z,M)
0 otherwise
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Upsamper and Downsampler

x(n) Yy Y )’1("1):
x(n) m
{1 M [ 22
1 = (L _jZnRL)
Yi(z) =— X\zMe M
Mk=
1 (L -2me)
YZ(Z)=—2X ZMe M
M
k=0
( j2mKkL
e M k=20,1,-- M-—1
< _J2mk
e M k=201, M-1

identical set if and only if M and L are
relatively prime integers
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The Noble Identities

H(z) : rational transfer function

Oy e A = X0 Ly 220
M 1

Y,(z) = ZX(e —j2mk /M 1/M)H ((e —j2mk /M 1/M) )

ZMZ X (e~i2m/M Z1/M) g (7)
.y =0

x(n) y_s(v;n) _ ) (e

A HEZ) - T L 11 T H) - Ya(m)

Y,(2) = H(z")W(2)
= H(zMX(zY)
= Y3(2) 19



The Noble Identity Does Not Hold

when H(z) is irrational

x(n) ‘ yi(m)  _

— 12 iz 1212 — >~ equal?
|
a |
a |
x(n v y,(M) !
), 12 12 z7l — -

20



Decimation Filters

H(2)

nl 2

- »

Interpolation Filters

T2

{HE)

- »

T

Eo(z%)

Z

-1

* E,(22)

.

12—

O—>

T2

o>

E,(z%)

* Eq(22)

»

»

12

"l 2

* Eq(2)

* E4(2)

O—eo—>

E,(2)

" Eo(2)

" T2

" T 2
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Commutator Model

X(—l),X(O),X(l),X(Z),X(B), X(O),X(g),

l3 :
771 x(—l),x(Z)’ cee_ o
l3|— —
. x(1), x(4), : o
X(—l),x(Z),x(S)’ =
x(1),x(4), - 77t -
—T 3 gl — O
x(0),x(3), - 1 c
—T 3 *

x(—1),x(0),x(1),x(2),x(3), -

22



Fractional Decimators "T15@~12 3
o—1 21— H—l 3> — ' Z
E/@) {1 2 aé)—»i 3]0
o—e— E,0)F— 21— 2
1 : 13 E E,2)—f 2—\ 3
zZ e
— Z
[eqa A 2O 3} /@/ s 2l 30—
"z —1— 3 E(2)
z ™ E@— 3—T 2 1 -1
71 ~— - L 3—1Eu(
Eo(2) =l 31— 2 %é—o Tl 3 E,L(2) T 2
1l 37 Eq(2) e
——— L and M are mutually E)rlme L [-1 z
—NogL +nM=1 2z zMolz=mM (3) | 3—Ey(2)
(EUC|Id Theorem) -1
decimation and interpolation can be interchanged(2) —1 31| Exl®) T2~®—

For length N FIR H(z), N multiplications at% rate



Exercise 4

. Show that the system shown in the figure is linear and shift-invariant. How
IS the overall transfer function related to H(z)?

X(n).

()

A 4

™

H(z) I M

. Consider the two sets of M numbers given by Wk and WKL, where W=g12#M
and Kk Is an integer from 1 to M. Show that these sets are identical if and
only if L and M are relatively prime.

. Given a software (or equipment) for 1024-point DFT, we would like to
compute the DFT of a 512-point sequence f(n), for n from 0 to 511.
Compare the following three methods to fill the vacancy of the input
sequence.

a. use f(n) for n from 0 to 511 and fill O for n 512 to 1023,
b. place f(n) in the middle and fill O before and after the sequence, or
c. repeat f(n) twice.

4. Read the following paper and study how an IIR filter is decomposed into
polyphase components.

M. Bellanger, G. Bonnerot, M. Coudreuse, Digital filtering by polyphase

network: Application to sample-rate alteration and filter banks, IEEE Trans.

on Acoustics, Speech and Signal Processing, vol.24, 2, pp. 109- 114, Apr.
1976
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