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Macroscopic & MicroscopicMacroscopic & Microscopic
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Lx=1.0

Lz=1.0

Density:
Flow Velocity:
Temperature, Pressure:

Velocity Distribution Function:

Number of Particles for
x0 < x < x0 + x
v0 < v < v0 + v
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Knudsen Number：KnKnudsen Number：Kn

Collision Mean free path:
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Knudsen Number：

Kn << 1  ： Collision frequency is very high and the velocity
distribution function is almost equilibrium.
It is possible to apply macroscopic description.

Kn >> 1  ： Low collision frequency and the distribution
function is far from the equilibrium one.
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Conservation Law in Phase SpaceConservation Law in Phase Space
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BGK Collision term

Landau Collision Integral
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coll

Explicit Time Integration 
for the particle distribution function

Discretization

fi (t  , r +ci ) fi (t, r)i[ fi (t, r)]

i[ fi (t, r)] :  summation of the particle collisions

Lattice Boltzmann Equation

Boltzmann Equation to describe non‐equilibrium distribution function

 : collision    
time

Advection term 
in the phase space

Collision term 
in the phase space

Lattice Boltzmann MethodLattice Boltzmann Method
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Discretization in Velocity SpaceDiscretization in Velocity Space

D2Q9 model
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D3Q15 model D3Q19 model

The Components of the velocity distribution function can be
understood pseudo particles having the velocity component on the
lattice grid and move to the neighbor grid point after the time Δt.
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Relaxation to the equilibrium function
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BGK (Bhatnagar - Gross - Krook) Equation

Discretization

fi (t)  fi
0  ( fi (t) fi

0 )et/

BGK‐Boltzmann
Equation



Local equilibrium 
distribution function

fi
0

Collision time

BGK ModelBGK Model

Copyright © Takayuki Aokii:  Global Scientific Information and Computing Center, Tokyo Institute of Technology

Equilibrium Solution of the 
Boltzmann Equation

Maxwell – Boltzmann Distribution

22)0( )()(),( uDCBAtf iii  ueuer

Low Mach-number expansion,

Local Equilibrium FunctionLocal Equilibrium Function
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Three of the 4 coefficients A, B, C, D are determined 
by the above conditions.

Energy ConservationMass conservation Momentum conservation

Approximation for the function:

Local Equilibrium FunctionLocal Equilibrium Function
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Asymptotic expansion
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Lattice Boltzmann equation:

Navier-Stokes Equation
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Matching condition

Chapman - Enskog Theorem (1)Chapman - Enskog Theorem (1)
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Chapman - Enskog theorem (2)Chapman - Enskog theorem (2)

Asymptotic expansion
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Energy Equation

Chapman - Enskog theorem (3)Chapman - Enskog theorem (3)

Extracting 1st-order and 2nd-order terms for the energy dimension,
Asymptotic expansion

Matching condition
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ith velocity vector ei wi
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D2Q9 Local Equilibrium FunctionD2Q9 Local Equilibrium Function
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Collision step:

        tftftftf eq
iiii ,,

1
,, xxxx 



Streaming step:

   tftttf iii ,, xex  

        tftftftttf eq
iiiii ,,

1
,, xxxex 


 t /

LBM code

Purely local !! Uniform data shifting 
Little computational effort !!

Computation ProcedureComputation Procedure
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Bounce-back condition (D2Q9)

f4 (t  , r)  f8(t, r)

f2 (t  , r)  f6 (t, r)

f3(t  , r)  f7(t, r)
wall

Periodic Boundary condition (D2Q9)

fi (t  , rin )  fi (t, rout )
fi (t  , rout )  fi (t, rin )

i = 2, 1, 8

i = 4, 5, 6

(右側)

(左側)

Boundary ConditionBoundary Condition
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Multi-dimensional
Domain Decomposition

Multi-dimensional
Domain Decomposition

17

2-D decomposition 3-D decomposition

1 GPU
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Rank K

Rank KD

Rank KT

Rank KB

Rank KF

18161094 ,,,,

:

fffff

Send
1715873 ,,,,

:

fffff

ceiveRe

161512115 ,,,,

:

fffff

Send
181714136 ,,,,

:

fffff

ceiveRe

161512115 ,,,,

:

fffff

ceiveRe

181714136 ,,,,

:

fffff

Send

1715873 ,,,,

:

fffff

Send
18161094 ,,,,

:

fffff

ceiveRe
2-D decomposition2-D decomposition
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Rank KB

Rank KD

Rank KT

Rank K Rank KR

Rank KF

Rank KL

161512115 ,,,,
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fffff

Send
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fffff
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:
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fffff
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18161094 ,,,,
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fffff
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:

fffff
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:

fffff
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18161094 ,,,,

:

fffff

Send
1715873 ,,,,

:

fffff
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1311971 ,,,,

:

fffff
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:

fffff
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3-D decomp.3-D decomp.
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768 x 768 x 768 

Dependency
for Decomposition Direction

Dependency
for Decomposition Direction

3D

2D

1D
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Incompressible Turbulent Flow
behind a spherical body

Incompressible Turbulent Flow
behind a spherical body

21

U0

Re = 13000

Tesla S1070      100 GPU

Copyright © Takayuki Aokii:  Global Scientific Information and Computing Center, Tokyo Institute of Technology

Pulmonary Airflow StudyPulmonary Airflow Study

Airway
structure 
Extraction

X-Ray CT images
512×512×512

Collaboration with Tohoku University

「⼈体の不思議展」より
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Pulmonary Airflow StudyPulmonary Airflow Study
Collaboration with Tohoku University

Level-0 Mesh 
Adaptation

Copyright © Takayuki Aokii:  Global Scientific Information and Computing Center, Tokyo Institute of Technology

Pulmonary Airflow StudyPulmonary Airflow Study
Collaboration with Tohoku University

Assignment to multi-GPU
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Real City AtmosphereReal City Atmosphere

Major part of Tokyo

Including Shnjuku-ku, 
Chiyoda-ku, Minato-ku, 
Meguro-ku, Chuou-ku,

10km×10km

Building Data:

Pasco Co. Ltd.
TDM 3D

25

Map ©2012 Google, ZENRIN

新宿駅 東京駅

品川駅

渋谷駅
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Building StructuresBuilding Structures

• 新宿区・渋谷区・目黒
区・千代田区・中央区・
港区・江東区を含む
10km×10km四方の
エリア

• 建物データ：

（株）パスコ
TDM 3D（簡易版）

26
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Turbulent Flow
behind football

Re = 100,000

Mesh:
2000x1000x1000
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DriVer: BMW-Audi
Lehrstuhl für Aerodynamik und Strömungsmechanik
Technische Universität München
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LES (Large-Eddy Simulation)LES (Large-Eddy Simulation)

Molecular viscosity and
Eddy viscosity

Energy spectrum

SGSSGSGSGS

Relaxation time 
for LES model
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SGS ModelSGS Model

Dynamic Smagorinsky model

Coherent-Structure Smagorinsky model

○ Simple
inaccurate for the flow with wall boundary
emperical tuning for the constant model coefficient

○ applicable to wall boundary
complicated calculation
average process over the wide area
→ not available for complex shaped body
→ not suitable for large-scale problem

model coefficient
○ applicable to wall boundary
○ model coefficient is locally

determined.

Smagorinsky model

→ model coefficient determined by the second invariant of
the velocity gradient tensor

*H.Kobayashi, Phys. Fluids.17, (2005).*H.Kobayashi, Phys. Fluids.17, (2005).
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Smoothed Particle Hydrodynamics
Galaxy  simulation by 

SPH
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Visualization

(http://cgg‐journal.com/2007‐3/02/index.htm)

Objects are also 
able to be described 
by particles.

 Compressible and Incompressible Flows 
represented by particles. 

Smoothed Particle HydrodynamicsSmoothed Particle Hydrodynamics
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・・・ (1)

Pressure 
gradient

Viscous 
term

External 
force

Advection term

Momentum Equation

Solving Navior-Stokes Eq.Solving Navior-Stokes Eq.

In particle methods, the advection term is 
represented by the particle movement.
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Normalization

・・・ (2)

The article to be
calculated

Kernel Function

Discretization

 Each particle has physical properties such as mass, velocity, . . .
 Spatial profile distributing around particles.

: mass : density

Spatial Profile of ParticlesSpatial Profile of Particles

: physical quantity
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Several Expressions (1)Several Expressions (1)

39

Gradient of Physical Variables

by applying Gauss law,

Pressure Gradient
j

i

Simple EOS:
keeping symmetry

Copyright © Takayuki Aokii:  Global Scientific Information and Computing Center, Tokyo Institute of Technology

Several Expressions (2)Several Expressions (2)

40

Viscosity Term

Taylor expansion

using

where
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Density: 

At the center, the gradient becomes small.

Kernel FunctionKernel Function

Pressure: 

Viscosity: 
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: kinetic viscosity 
coefficient

Time IntegrationTime Integration

Time Integrations for velocity and position:

Stability conditions:

CFL condition: : inter-particle distance

: maximum particle
velocity

Diffusion stable 
condition:
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 Multiple layers are required at the boundary.

Setting boudary partiles

 The Surface is 凸凹.

Boundary ConditionBoundary Condition


