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Channel Capacity
Modulation and Coding
Digital Modulation
Degradation

AMC

Non-binary Modulation

Digital Modulation & Demodulation

Channel Capacity of Discrete-time
memory-less Gaussian Channel AWGN Channel
with Bandwidth W Y=X<+N
C= l10g2(1-+-£2j><2w [bps] X : Transmitted Signal
2 o

N : Additive Noise

p = Signal — Power Y : Received Signal

o’ = Noise — Power — ,
X“=P :Signal Power

N2 =g :Noise Power
y?2

=c
=X?+N?=P+o>
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Mutual Information between X and Y

(X :Y)=HY)=HY | X)
=H(X)-H(XY)

H( ) :Entropy

H( | ) :Conditional Entropy
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When X, N : Gaussian

I(X:Y) — Max

Sampling Theorem

If signal has a bandwidth of W [Hz],

2W samples in sec are maximum number of
independent data
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Max 1(X :Y):%logz(\?)—%logz(ﬁ)
1
= log, (P + o%)/c?)
1
= log,(1+ (P/c?)
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Channel Capacity

C= l10g2(1+iz}<2w [bps]
2 o
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Capacity when Interference exists

o Y=X+I+N

e Both TX and RX know | :
C does not change

* Both TX and RX do not know | :
C decreases

* TX knows but RX does not know :
C does not change !1?

= “Dirty Paper Coding”
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Review of Digital Modulation

* Criterion on Modulation Scheme

C

—=log,| 1+ E X < Band Efficiency (Shannon, 1949)
w N, W

0

C : Channel Capacity [bit / s]

W : Bandwidth [Hz]

E, : Required Energy per bit [Joule]

N, : Noise Power Spectrum per Hz [Watt / Hz]
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Reliable (Error-free) Communication

Data Transmission Rate, R

R<C
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Inverse Coding Theorem

* IfR>C, error probability of code word
becomes 1
* No reliable communication !
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Capacity boundary
for which Ry=C

Regicn for which C/W —0,E,/N,=In2 (—1.6 dB) Shannon Limit

Ry<C

C/W >1:Band - limited Region, = Multi -level QAM

Bandwidth efficiency, %’-

Nenon L C/W <1:Power- limited Region,— Multi-level PSK
limit

0.1
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E
§ = 0.3 M=64

=0l

(a) QAM (b) PSK
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Channel Coding Rate, BER and SNR in BPSK

For BPSK M (c?) = z I p(ai,yi)logMdyi

. a=tl p(a)p(y;)
» Introduction of Adequate Redundancy g
. . =Y [ p(a.y)log p(yla)dady, - [ p(y,)log p(y,)dy,
» Reduction of bit error rate R R _
. Entropy of Gaussian noise Approximated using Monte Carlo
» FEC ( Forward Error Correction) I I

R<M(o?)=M (=t — 1
MED=MGrE N, = BN vwy

For rate R and given BER, what is the minimum SNR???
With given BER, mutual information is 1+ BER log( BER) + (1 - BER ) log(1 - BER)

New code-rate is R'= R(1+ BER log(BER) + (1 - BER)log(l — BER))
2 -1 1

Thenwe have 0 =M (R') E,/N, = 3o°R
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BER : P, vs. Entropy H Error-free Min E,/ N, vs. Code Rate (r)
BPSK over AWGN Channel
0 0 4
3
@ 2
=
H=1+(1-P)log,(1-P,)+P,log, P, -1
Az U6 18 1sus 18 12 1
Code rate r, bitsttransmission
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BERvs. E, /N,
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-2 -1.5 -1 -0.5 0 0.5
EyINg, dB
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Basics of Analog & Digital Modulation

Baseband signal : g(t)

\
Modulated signal : s(t)= A(t)cos[27 ft + ¢(t)]

Amplitude Modulation : A¢) <-g¢) , ASK (Amplitude Shift Keying)
Phase Modulation :¢(t) < g(t) PSK (Phase Shift Keying)

Frequency Modulation : 8¢ (t)/ ot < 9(t) JFSK (Frequency Shift Keying)
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Fundamentals of Demodulation

Incoherent Scheme |Envelope Detection ASK, FSK
Frequency Discrimination |FSK

Coherent Scheme |Coherent Detection PSK, FSK, ASK
Delayed Detection PSK, FSK
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Incoherent Scheme

— (Envelop)Detector + Filter

Coherent Scheme

— Mixer (Multiplier) + LO (Local Oscillator)
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Optimum Detection Scheme

Quality of demodulated signal is BER
(Bit Error Rate).

BER is mainly determined by SNR
(Signal-to-Noise Ratio).

SNR should be maximized.
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—Matched Filter
« Radar Signal Detection, Maximizing SNR, but

not good signal waveform recovery

Matched Filter : H(f)
Noise :n(f)=N,/2, White Gauss Noise

(Input) Signal :S,(f)fixed uniquely

Output noise power, P, = %fJH (f )2 df
Output signal power at T,

o 2
[ s.(OR(E exploa, )df]

P, =ls,(.) =
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By Schwarz' Inequality, Maximum SNR,
Vmax = Ps /P, canbe obtained at

ymax =NL0J‘_01‘SI(f }2 df

=Signal Energy/Noise Power Spectrum Density
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— Correlation Detection:

— Output signal from Matched filter sampled at T is
a correlation between received signal r(t) and input

signal s;(t).

s, (T, )= J'OT r(u)s,(u)du
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— Maximum Likelihood Detection:
Minimizing BER
MAP (Maximum a posteriori probability)
estimation

Maximum Likelihood sequence estimation
Max Prob (Si|r)

S, :input sequence

r :received sequence =S; +n

N :noise sequence

— Min Qsi —r\z)—>Max (r'si —%\si\z)

— Correlation detection  Max(r -s, )
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MSK: Power Efficiency Oriented
e MSK (Minimum Shift Keying):
Constant Envelope Modulation
Mark -signal and space - signal (O <t< T)
(T :Symbol Duration Time)

S, . (t)=cos(27 f t + 7A ft)
Sepace (t)=cos(27 f t —7A ft)

2010/06/04 Wireless Communication Engineering I

Correlation p between s, (t) and Sg,,..(1)

r _sin27AT)
P= Jo Smark (t) Sspace (t) di~ ‘UZ'T -0

Af =1/2T isa minimum frequency shift.
s, . =cos(27 f t)cos(7A ft)—sin(27 f t) sin(zA ft)

Sepace = cos(27 f t) cos(zA ft)+sin(27 f.t)sin(zA ft)
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Similar to OQPSK (Offset QPSK)

2
MSK  :cosine modulation :Spectrum [ I"flsﬁzf”zi }

OQPSK : rectangular modulation : Spectrum Sigi’;” ]2
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Normalized power spectral density, Sg{/)/4E,

) ~ 0.25 05 0.75 1.0

Normalized frequency, fT),

FIGURE Power spectra of QPSK and MSK signals.
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* Narrowing Band of MSK : Main-lobe of MSK
is wider than those of QPSK, OQPSK.

— Partial response technique for narrowing
band

— TFM (Tamed FM): similar to 8 PSK
Phase shift by digital data (a, = +1)

MSK i, 4, =£(3,)
TEM: ¢, — ¢, :%(akf[l+a7k+%)
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— GMSK (Gaussian-filtered MSK):
European countries standard, GSM

» Narrow Main-Lobe Spectrum
* Good off-band Spectrum f+

» Almost Constant Envelope —
High Efficient Power Amplifiers are available

* Good Eye Pattern — Low BER
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FIGURE Power spectra of MSK and GMSK signals for varving time-handwidth product
(Reproduced with permission fram Dr. Gordon Stuber, Georgia Tech.)
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— Multi-level MSK:

4-valued FSK ~ 7/4 shift QPSK
Frequency Discrimination Detection is available

2010/06/04 Wireless Communication Engineering I

Demodulation Characteristics

« CNR vs. E, /N,

C_ & 1
N N, pBT
p :Ratio of Equivalent Noise Bandwidth to
3dB Bandwidth
(e.g. \/%/2 ~ 1.06 for Gaussian Filter)

B :3dB Bandwidth
T :1bit Duration Time
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* BER of Coherent Detection:

1 E
P, =—erfc| | 2>
2
0
2 (e _
erfe[x]= —J- e~ dt:complementary error function
Vz *x
|
=— e (x>1)
Jrx
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* BER of Delayed Detection
(Diftferential Detection):
Carrier Regeneration is not necessary.

1 E
P =—exp ——2>
= yen

0

* Frequency Discriminator:
outputs an instantaneous frequency
No Carrier Regeneration

2010/06/04 Wireless Communication Engineering I

10



Linear Modulation:
Bandwidth Efficiency Oriented

Recently, a highly efficient class-F power
amplifier is available.
Cell size becomes small.

2010/06/04 Wireless Communication Engineering I

« PSK

— QPSK (Quadri PSK) and 7/4 — shift QPSK:

PDC, PHS in Japan
— 1 symbol =2 bits
Merit of 77/4—shift QPSK
* Small Envelope Fluctuation
 Easy Timing Recovery.
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— OPSK (Offset QPSK), SQPSK (Staggered QPSK)
T/2 offset between I-channel baseband signal and
Q-channel baseband signal
Power spectrum of OQPSK is the same as those of
QPSK and 7/4 —shift QPSK.
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— Demodulation characteristics

P, = l erfc \F
2 2

7=E,/N

2010/06/04 Wireless Communication Engineering I
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* QAM (Quadrature AM)
— QPSK — 16QAM, 256QAM

— Demodulation Characteristics

3 4
Pe,16QAM =8erfc{ 10j|
U 4
Pe,64QAM = ﬁ erfc |: 42:|

15 /4
Pe,256QAM = a erfc { 170:|
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Wireless Communication Engineering I

— Useful FEC for Multi-level QAM

BCH Code, RS Code, Goppa Code,
Algebraic-Geometry Code

— TCM (Trellis Coded Modulation, Ungerboeck)
— 14.4kbps MODEM
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» Degradation due to Linear / Nonlinear
Distortion

— Linear Distortion
* MODEM: Phase error, Amplitude error
« Filter: Amplitude / Delay-Frequency Characteristics
 Coherent Detection: Carrier Phase Jitter
* Clock Synchronization: Timing Phase Jitter
¢ Others: Quantization error, Gain Fluctuation, DC Drift
— Nonlinear Distortion
AM-AM and AM-PM conversion in power
amplifier
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Capacity Bound
» For Analog

P c_ E, C
C= Blog(1+N—oB) — 10g(1+N*‘:§)

E
Let R:% then R=logl+ *R)

« For Digital: with M-ary constellation, the
distribution of received signals become mixture
of multiple Gaussian distributions. We must use
some method such as Monte Carlo simulation to
evaluate C
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256QAM

Capacity (bits per symbol)

0—2 0 2 4 6 8 10 12 14 16 18 20
Eb/No in dB
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Capacity (bits per symbol)

2010/06/04 16 18 20
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Rate, BER and SNR in BPSK

, P&, Y:)
SK M(c?) = Yi)log— =SSy,
For BPSK M (o) ai;l;[ P(a,.y;)log p(a) p(y;) g

=Y [ p(a.y)log p(yla)dady, - [ p(y,)log p(y,)dy,

a=tly, Yi
- . )

Entropy of Gaussian noise Approximated using Monte Carlo

) 1 1
R<M(c)=M(——— 1
M@ =M Eb/ND) — B/Ne>opm “(R)

For rate R and given BER, what is the minimum SNR???
With given BER, mutual information is 1+ BER log( BER) + (1 - BER ) log(1 - BER)

New code-rate is R'= R(1+ BER log(BER) + (1— BER)log(l - BER))
2 -1/pt 1
Th h o =M (R)|:">E/Nu: 2
20?(90"6\,/‘(?4 ave Wireless Communicati::n Engineering? R

Capacity for M-ary constellation

For discrete input, continuous output, memory-less AWGN channel.
Assuming equally likely M-ary constellation

ek, )] n

N, N,

1 Mtz M
C =log(M)—Wz jexp(_\tf)ﬂog > exp| -
m=1 _o j=1

Xins X]- are the constellation points. N% is noise variance per dimension

1 & e M
. = X; 1
Average SNR is 7 MN, .z::“ " % = ‘xi‘z
0 MN, log(M) &
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Relationship of Rate, BER and SNR

~

(=2}

(&)

N

w

Capacity (bits per symbol)

N
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- 0 2 4 6 8 10 12 14 16 18 20

Eb/No in dB

Brief review of AMC

1. AMC: Adaptive Modulation and Coding
Depending on the condition of the channel, the transmitter could be
adapting some of the following: constellation size, code rate, and power.

& 4-0AM ||

e 1 || Modulation Bandwidth | Eb/No to get
w0 'h*‘_*“%s,_k&& nalilY) Format | efficiency R/B | BER=10E-3
! ; | (log2(M))
" ' E\\ | [640am 6 147
' h | [320am 5 125
\ | |16 0AM 4 10.50B
\ a% - |sPsk 3 10dB
o 3 \:bxh\.':;.'\m . ) 15 » 4 QAM 2 6.8d8
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Radio systems are evolving ... m\
IMT-Advanced\/‘

Radio air interface development in 3GPP track O

e

o ~ )\_/g/
—~ - -

LTE LTE..
Rers) Rel9..)
170 Meps D50 Meps 16635 DLIAL2
RIT-10ms

orom

MINO antancamants

FO schaculing

HSDPA + HSLPA = HIPA
—
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Brief review of AMC

Target BER=10E-3

[ L]
_E 1280AM
& 8l )
8 640AN
a2 .l
e * 0
g
]
= 4
S " o
§ a5k
= -
: =
=g
[ i L L : H
4 5 L 7 B 8 10 1" 12 13 L 15 % 17 18
Eb/No [dB]
Need 6QAM, 8QAM, 12QAM, 24QAM ... etc
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M-QAM with M is not power of 2

1. Use m M-QAM symbols to transmit b bits.
2. Transmission efficiency: b/m [bit/symbol]

2010/06/04

M-QAM with M is 3x2°"

p-1
consider Mis 3X2" such as 12, 24, 48
2p+1 bits are transmitted using 2 symbols

1st symbol 2nd symbol
... 8x12=9%
Case — . .
° 4x8=32
96+32=128 ~ 7hits
2010/06/04 Wireless Communication Engineering 1
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Configuration

8
i
<

Yy

H
q_p

MOD

M-QAM kel
MOD

L]
~ ~ CONV

Y

Deend <t F—+Lapi>
(b) Demodulation
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Coding Scheme

Coding for 3 = ap-1 QAM scheme

tb,."') Py (- by) Py beb) | @, (b by) | @y (babbg) | (T, Ty
000 | 0 00 | 0 oo | o || oo | o (0. 0, 0) 0.0
01 | 1 w01 | i o1 | 1 o0 | 1 01 | tn
01,1 | 2 1,10 | 2 1y | o2 w1 |2 01,0 0.2
(0.1, 0) 3 (0.++1, 00 3 (1.0} 3 (1.0} 3 (1.1.0 (1,00
= = = = 1.1 .1
©.1.1) (1.2
: : - | .00 | 20 |
0.---0,0) | 21 000 | 241 (1.0.1) (2.1)
For T1 and T2, we can not use Hamming distance,
) 0,0 0,1 2,1
but use Lee distance. ©00) | ©o1) | @o)
Above combination is one of the best combinations — — —
where average Hamming distance is minimum at Lee distance = 1 (()621 0 (21’00 0
(Min Hamming distance is 21/16) = —
1.2 11 1,0
2010/06/04 Wireless Communication Engineering I 0,1,1) | (1,1,1) | (1,1,0)

Mapping on 12-QAM

Q=1 22) &=0 Q=1 (gu2) Q=0
eol|le e|e
0) (1Q§(1)(0 2)(1)j(1) (0
(.) (. (.)(.) (.)(.) (.)(.)

(g) (?} (’) (%) (3) (?) (.l) (’)

. eole ele
Q=2 M(12) g=3 Q=2 N0 g3
(Ty) (Ty)

(a-1) 12QAM, axially symmetric  (a-2) 12QAM, radially symmetric
locations, 180° transparent locations, 90° transparent
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Mapping on 24-QAM

Q=1 (Zal (:,l) Q=0 Q=1 ﬂa{l)u(%,li Q=0
4,0 0,0f0,00,1) (L0010 |0,1)(1,1)

ﬂ,ﬂl(l..ﬁ](ﬂ?’) lﬁl)(l?ﬂ)(iuﬁl @ )(: 1)(0. P(ll.ﬂl(l ) (2.

oocoopLioidodindﬂ}

adaAh bl b ahobndndy

o Si® @
ahobd aboylanay
L} ]
Q=2 ¢hldn Q=3 Q=2 ah|de Q=3
(T » By) (T, Fy)
{b-1) 240AM, axialy symmetric  (b-2) 240AM, radially symmetric
lccations, 130” transparent locations, 80° transoarent
2010/06/04 Wireless Communication Engineering I
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BER Performance

Comparison

-

-

“Rapsk [

Transmission Effisiency [bits/Symbol]

L] 1] 10 12 1“4 " 19 20 22
E,/Ny [4B]

Transmission efficiency versus required E/N; of

2010/06/04 3x2M1 QAM.

10+

102

IG'S

104

108

10

107

10°#

2 4 & 10 12 14 16 18
Elvio (dB)
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s5
00195

011 If Average Power = 1 then

Minimum Euclidean is 0.9194
(for 8PSK is 0.7654)

37

R,(8QAM _ Star)= %erfc( G+3)

000

_i 6v,
= 3Q( 3+\/§)

7
s6 3

111 101

Minimum Euclidean Distance (Ex:s1 and s4) : 12 cases
1 bit error: 8 cases, 2 bit error:4 cases

2010/06/04 Wireless Communication Engineering I

)

8PSK-8Star BER Performance
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8QAM Square Type

sl s5 If Average Power = 1 then

Minimum Euclidean is 0.8944
(for 8PSK is 0.7654)

A 0 0 181 P,(8QAM _ Square) = éerfc( 3L)

s6 s2 s0 s4 8 5

3
= ZQ(\léYb/S)
1 001
s7 s3

Minimum Euclidean Distance (Ex:s0 and s4) :9 cases
1 bit error: 7 cases, 2 bit error:2 cases
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8PSK-8Square BER Performance

8-ary BER Performance

-

-

-

Transmission Efficiency [bits/Symbel]

E,/N, [dB]

@ 3QAM




6-PSK: Review

+Use 2 symbols to send 5 bits P o o I B By
+3bit (b2, b1, b0) is assigned to 8 cells | _. T % T T Y T
for first 3 phases (¢0,¢1,¢2) of G IR ST 010 Jf 010 100
] wo | w [ oo o [ ]n
SymbOIS S1and S2, X CR IR ST VU AT T T
+This “frame” of cells is “folded-out” e . Lo o [ o oo [orn
twice along the horizontal and & S NETTTIN INETHN RSN AT INERM ST
. = . e oo o oo
vertical axes ) N I i e i AT e
* The other bits (b4, b3) are assigned o Boo [ or oo Nor T o1 | m
to the 4 frames f [T CTTO NCTER IR GTT T
o ea]e]es]e
10~ a1
The First Symhel
Ps u
101§111§110 @ @ Note: The two tuts of the upper subeell m each cell ara by
100 010 and b3 And three bits of the lower subcell i each cell
are b, by and by The cells indicated “X are not used
ooofoo1fo11 )@" "@ in the transmitted signal However, if these cells are
Lol L= received as a result of symbol error, they are decoded
P O PS5 0 Poe w P5 01 (bs, by, 1,1, 1), for example.
() Ciseular Gray Code {b) Mirror Symmetry rication Engineering I

6-PSK BER Performance

Comparison with other mod. schemes

® SQAM
® 6PSK

4 L] L} 1 12 AL 1 1m 0 22
Ey/N, [dB]

107
102
103
wt 8PSK
A0AM
. 6PS
10
1078
107
108
2 4 [ a 10 12 14 18
Eb'Mo (9B}
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54 10 10 10 11 1 1
0
N 000 001 o011 on 001 000
10 10 11 "
sl
2 100 010 010 100
53 55 10 10 10 " 1 1
2
¢ 101 1 110 110 m 101
2 @ 00 00 00 o1 01 01
101 111 110 110 1 101
82 Sl g SO “ 00 00 01 o1
100 010 010 100
. ) h . 00 00 00 o1 01 01
Minimum Euclidean Distance:9 cases | -+ oo | oo | o | o | oot | o0
1 bit error: 6 cases, 2 bit error:3 cases o o = = " =

If Average Power = 1 then Minimum Euclidean is 1.0954 (for 6PSK is 1)

. 3 3 6 6
P, (6TriAngleTy pel)= gerfc( %): ?Q( %)
2010/06/04 Wireless Communication Engineering I
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6PSK-6TriAngleTypel

W
B G

6-ary Triangle Type 2

6-ary Square Type

o 10 10 10 l " "
s4 S3 32 : 000 001 o1t o1t 001 000
10 10 11 "

1
¢ 100 010 010 100
2 10 10 10 1" 11 11
3 ¢ 101 1 110 110 1 101
00 10 10 o1 01 01

s3
000 001 011 110 111 101

sl

s5 so " 10 10 o1 01
¢ 100 010 010 100
L. ) . 10 10 10 ot o1 o1

. 5
Minimum Euclidean Distance: 7 cases | < o | e | oo | oo | oo
1 bit error: 6 cases, 2 bit error:1 case - = = = " =

If Average Power = 1 then Minimum Euclidean is 1.0690 (for 6PSK is 1)
Moy 3
7 4
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P, (6SquareType )= gerfc(

55 © 10 10 10 1" 1" 1"
000 001 o1 o1t 001 000
10 10 1 "
o 100 010 010 100
10 10 10 " " 1"
53 3 SO 2 101 m 110 110 1 101
00 10 10 o1 o1 01
2 2 000 001 on 110 m 101
10 10 o1 o1
“s4 2 s2 —°sl o 100 010 010 100
- 10 10 10 o1 o1 o1
Minimum Euclidean Distance:9 cases ':: ”" ”: 0: 0‘1' Gf:
1 bit error:5 cases, 2 bit error:3 cases; 3 hiterror. 1
If Average Power = 1 then Minimum Euclidean is 1.139 (for 6PSK is 1)
P, (6TriAngleTy  pe 2) = %erfc (4 327“ )= %Q( 627 by
2010/06/04 Wireless Communication Engineering I
6Square-6TriAngleType2
L e ESererrrrertttssssstit £rrErttteestiiitttEettrrre SerittsstiirrriLEriisstt it TEEEEErtriirr ittt IIsstirr] (11t IReIrrrrrIriIIts] : T
w )

w*

w*
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6PSK-6Square-6TriAngle

Relationship between rate, SNR, BER

» The scenario is: for rate R and given BER,
what is the minimum required SNR ?

With given BER, mutual information is 1+ BER log(BER) + (1- BER ) log(1 - BER)
New code-rate is R'= R(1+ BER log(BER) + (1 - BER)log(l - BER))

Thenwe have o =M '(R') =) E,/N, = 12
20°R

2010/06/04 Wireless Communication Engineering I

Comparison with other mod. schemesg

8QAM
@ 6Triangle2

Transmission EMficiancy [bita/Symbol]

Relationship between rate, SNR, BER
BER=10"-4
. N 16QAM
= = 12QAM
s 8QAM
" 6QAM
QPSK
BPSK
05
00 05 1 15 2 25 3 35 4 45 5 55 6 65 7 75 B BS5 9 95 10 10511 11512 12513 135 14 14515
Eb/NO
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Others

« Approximations of erfc()  erfe(x)=1- \/1 exp o A+ 0. 14xj
7+ 710.14x*

* Appro. BER for 4-QAM  r=ol)
* Appro. BER for M-QAM - 2 e [t i g [robsh)

25

« Appro. BER for 12-QAM "“:%e"c( TJZEQW)
« Appro. BER for 24-QAM "~ e (V5] - Frere ()

2010/06/04 Wireless Communication Engineering I
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