EXAMPLE 5.10 (Bivariate Normal Random Numbers) {_

| ECH—
The joint PDF of a bivariate normal distribution for random variables X and Y can be "95xcellence
written as

Jrer(x, p) = fr|x()’!x) Sx(x)

where the conditional PDF is (see Chapter 3, Vol. I)
1 Cxp[_ 1 (y — Hy = p(ay/ox)(x = H){))z]
J2noy /1 — p? 2 oy/1 — p?

and the marginal PDF of X is

(%) = S [_l(x_'“"')z]
Jx ﬂUx 12 5 o

both of which are Gaussian, and uy, oy and py, oy, are the means and standard deviations
of X and Y, respectively, and p is the correlation coefficient. A number x is first generated from
the normal random variable X with mean py and standard deviation ¢y according to the
procedure described in Example 5.5. Given this value of x, the conditional mean of Y is

fvu’(l’;x) =

a
E(Y|x) = py + p— (x — )
Oy

whereas the conditional standard deviation of Y is Referred from
Probability Concepts in Engineering Planning and Design
Oy)x = Oy /1 e pz Volume 1 and Volume 2, A.H. Ang and W.H. Tang

A value y is then generated from the normal distribution with the above conditional mean and
standard deviation. The pair of values (x, y) is therefore obtained from the bi-variate normal
distribution. 13
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EXAMPLE 5.17

A simple ductile frame structure, shown in Fig. E5.17a, is subjected to a total gravity load W
and an equivalent static earthquake load KW, where K is a seismic load coefficient. Assume that

w

§ 201 ] n =50

© Sample Mean = 23.73 min.

s s3= 10.70 min.
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Figure E5.161 Histogram of mean time saved by the parallel lock system (100 hrs of simulated
operation).

Referred from
Probability Concepts in Engineering Planning and Design
Volume 1 and Volume 2, A.H. Ang and W.H. Tang 14
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Figure E5.17a

the frame is built of ductile material with elastic-perfectly plastic behavior. Assume further
that the failure of the frame through the formation of fully plastic hinge mechanisms, as shown

in Fig. E5.17b, is of concern.

The fully plastic bending capacities of the columns, M |, are identical and perfectly correlated,
whereas the corresponding capacity of the beam, M,, is partially correlated with M, with
correlation coefficient p, , = 0.8. Each member is prismatic and the section capacities along

the member are perfectly correlated.

A simple frame structure.

Figure E3.17b  Major hinge mechanisms.

15
All the variables are assumed to be normally distributed with the following statistics: /
Variable ~ Mean Standard Deviation ursuing Excellence
W 100 kips 0
K 0.3 0.1
M, 300 ft-kip 45 f-kip
M, 450 f-kip  4sfikip |
with oy e, = 0.8,
Mechanism 3 Mechanism 4
16




The major potential hinge mechanisms of the frame are indicated in Fig. ES.17b. By the
principle of virtual work, the performance functions of the respective mechanisms can be shown
to be as follows:

Mechanism 1: g,(X) = 4M, — KWh

Mechanism 2:  g,(X) = 4M, + 2M, — KWh — W(l/2)
Mechanism 3. g,(X) = 2M, + 2M, — W(//2)
Mechanism 4. g,(X) = 2M, + 4M, — KWh — W(l/2)

A number of other mechanisms are possible ; however, the contributions of these other mechan-
1sms to the total failure probability of the structure are less than those shown in Fig. E5.17h.
The results presented subsequently, nevertheless, include the effects of the other mechanisms.

Simulation Procedure
The Monte Carlo calculations to cvaluate the probability of failure are as follows:

(i) Generate random numbers for K and M, according to their respective normal
distributions; based on the value for M,, generate the corresponding correlated normal
random number for M, (sec Example 5.10)

(i) For the particularset of values of K, M,, and M, generated in (i), and with W = 100
Kip, determine if any of the potential hinge mechanisms is formed: that is. g(X) < 0, for any i.

Steps (i) and (ii) are repeated n times, therefore constituting a sample of size n. Ifamong this
sample of size n, failure is observed ti; times, the probability of failure is the ratio ne/n.

Results of Computer Calculations

The probability of failure for a structure with h = 15 [t and | = 20 ft, estimated with different :,e,me

sample sizes n, is partially summarized in Table E5.17.
Sample sizes ranging from 200 to 10,000 were used. For each sample size, the calculations were
repeated 100 times; typical results for the first 10 repetitions are shown in Table ES.17, On the

Table E5.17  Estimated Failure Probability

Sample Sample Size, n
No. 200 500 1000 2000 5000 10,000
1 0.0300 0.0120 0.0150 0.0190 0.0160 0.0140
2 0.0100 0.0180 0.0120 0.0120 0.0152 0.0140
3 0.0050  0.0180 0.0170 0.0145 0.0134  0.0150
4 0.0150 0.0160 0.0150 0.0130 0.0138 0.0143
5 0.0250 0.0120 0.0150 0.0105 0.0138 0.0143
i) 0.0200 0.0200 0.0150 0.0140 0.0152 0.0154
7 0.0000 0.0220 0.0100 0.0165 0.0168 0.0170
8 0.0005 0.0140 0.0220 0.0175 0.0128 0.0115
9 0.0050 0.0160 0.0180 0.0175 0.0170 0.0155
10 0.0250 0.0160 0.0130 0.0105 0.0150 0.0153

i 0.0148 0.0137 0.0152 0.0147 0.0145 0.0151
Sein 0.0102 0.0054 0.0036 0.0026 0.0018 0.0011

? Based on 100 repetitions.
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Figure E5.17¢  Failure probability versus sample size.

basis of these 100 repetitions, the mean failure probability i, and the associated standard
deviation s, therefore, may be obtained: these are also shown in Table E5.17.

The results summarized in Table ES.17 are also shown graphically as histograms in Fig.
ES5.17¢. The effect of the sample size is clearly demonstrated in Fig. ES.17¢; in particular, the

standard deviation of the failure probability decreases as the sample size increases

19

Referred from
Journal of Structural Engineering,
JSCE,1986.3
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