
1

Probabilistic Concepts in Probabilistic Concepts in 
Engineering DesignEngineering Design

Class 7Class 7
Jan. 14Jan. 14thth 20102010

SecondSecond--Moment Method :Moment Method :
GeneralizationGeneralization
D: measure of reliability
d=ß y’

x’

Failure State,
M<0

Safe State,
M>0

dM=0

o

2

The reliability of an engineering system may involve 
multiple variables.
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( ) ( )nXXXq ,...,, 21=X
We define a performance function or state function

For a function of several variables,

The limiting performance requirement may be defined as 
( ) 0=Xq

( ) ( )n21

Where  ( )nXXX ,...,, 21=X is a vector of basic state or 
design variables of the system
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( )q

which is the limit state of the system
( )[ ]
( )[ ]0

0
<
>

X
X

q
q ≒ safe state

= failure state

Geometrically, the limit‐state equation,

( ) 0=Xq is a n‐dimensional surface that may be( ) 0=Xq is a n‐dimensional surface that may be 
called “failure surface”

the one side of the failure surface is the safe state ( ) 0>Xq

the other side of surface is the failure state ( ) 0<Xq
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Here, if the joint PDF of the design variables

nXXX ,...,, 21 ( )nXnXX xxxf ,,,, 21,,,2,1is
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The probability of the safe state is

( ){ }
( )∫∫ >

⋅⋅⋅= nnXnXgs dxdxxxfp ...,..., 11,...,10x

which may be written, as
( )

( )∫ >
=

0x x xx
gs dfp

This equation is simply the volume integral of over 
the safe region
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conversely the probability of failure state is

( )
( )∫ <

=
0x x xx

gF dfp

Uncorrelated Uncorrelated variatesvariates
In general, the basic variables ( )nXXX ,...,, 21

may be correlated.

H id fi t th f l t d i tHowever, we consider first the case of uncorrelated variates.

Introduce the set of uncorrelated reduced variates,

niXX
Xi

Xii
i ,...2,1' =

−
=

σ
μ

In terms of the reduced variates, the limit state equation 
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, q
would be

( ) 0',...,' 111 =++ XnnXnXX XXg μσμσ

x1’

x2’

( ) 0, 21 =XXg
( ) 0, 21 >XXg

( ) 0, 21 <XXg

( ) 0=Xg

The limit‐state surface,
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The position of the failure surface relative to the origin of 
the reduced variates should determine the safety or 
reliability of systemreliability of system

( ) 0=Xg
The position of the failure surface may be represented by 
the minimum distance from the surface                 to the 
origin of reduced variates

The point on the failure surface with minimum distance to
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The point on the failure surface with minimum distance to 
the origin is the most probable failure point

This minimum distance may be used as a measure of 
reliability

The required minimum distance may be determined as 
follows,

The distance from a point ( )',...,','' 21 nXXX=X

on the failure surface ( ) 0=Xq
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to the origin of        is'X

( ) 2/122
2

2
1 '''...'' XX t

nXXXD =+++=
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the point on the failure surface ( )**
2

*
1 ',...,',' nxxx

having the minimum distance to the origin may be    
d d b h f bdetermined by minimizing the function       , subject to 
the constraint                 ; that is,

D
( ) 0=Xq

Minimize      
Subject to               .

D
( ) 0=Xq

f thi th th d f L ’ lti li
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for this purpose, the method of Lagrange’s multiplier 
may be used,

( )XgDL λ+=
or

( ) ( )XXX gL t λ+=
2/1''

In scalar notation,

Xiii XX μ+= '

( )nn XXXgXXXL ,...,,'...'' 21
22

2
2

1 λ++++=

in which

Minimizing L, we obtain the following set of  n+1 
equations with n+1 unknowns
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and

( ) 0,..., 21 ==
∂
∂

nXXXgL
λ

The solution of above set of equations should yield 
the most probable failure point
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Linear Performance FunctionsLinear Performance Functions
A linear performance function may be represented as 

( ) ∑+=
i

ii Xaag 0X
wherewhere

iaa0 and are constants

the corresponding limit‐state equation is

i f h d d i h li i i

00 =+∑
i

ii Xaa
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in terms of the reduced variates, the limit‐state equation 
becomes

( ) 0'0 =++∑
i

XiiXii Xaa μσ

in three dimensions

( ) ( ) ( ) 0''' 3333222211110 =++++++ XXXXXX XaXaXaa μσμσμσ

the distance of the failure plane to the origin of the p g
reduced variates
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Example of linear performance Example of linear performance 
function : structural elementsfunction : structural elements

The safety of a structural element may be evaluated on 
the basis of linear performance function, for example

( ) QRg −=X

R: The resistance of the element
Q: The total load effect on the element: e.g. Q=D+L
D: Dead load effect
L: Live load effect
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LRFD design ‐‐‐ ACI
LnDnRn 7.14.19.0 +≥

Rn, Dn, Ln are respective nominal values of resistance 
and loads

Structural engineers often use “nominal” values of loads 
and resistances, which are generally different from the 
corresponding mean values,

For example, the ratios of the mean loads to the 
respective specified nominal loads for office buildings in 
U.S.A. are as follows

15.1,05.1 ==
LD

14

,
nn LD

Whereas in the case of flexural capacity of RC beams, the 
corresponding ratio is 

05.1=
nR
R
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The corresponding c.o.v.’s associated with these 
variables are

250100110 ΩΩΩ 25.010.011.0 =Ω=Ω=Ω LDR

The nominal dead load effect Dn is due to the weight of structure.
The nominal live load is usually specified by codes or standards.
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For buildings, the live load intensity L0 in U.S. is specified 
by the American National Standards Institute(ANSI).

A load‐reduction is also permitted yielding a normal live 
load as follows
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in which

=

=

n

o

T

D
L
A The tributary floor area

The live load‐dead load ratio
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For a live load‐dead load ration of
and a tributary areas

0.1=
n

o

D
L

2400 ftAT =

h b l d d f ld bThe above load‐reduction factor would be

68.032.01 =−=
o

n

L
L

in summary, the reliability underlying a reinforced concrete 
beam in an office building designed in accordance with the 
ACI and ANSI load specification is as follo s
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ACI and ANSI load specification is as follows

DLor
D
L 745.068.0

05.1/
15.1/

==

whereas the ACI requirement becomes

15.1
7.1

05.1
4.1

05.1
9.0 LDR

+=

from which the required mean resistance is 
DR 831.2=

Therefore, according to Eq., the safety index of the beam is

745.0831.2 −−−− DDDLDRβ
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( ) ( ) ( )
885.2

745.025.010.0831.211.0
222222

=

×++×
=

++
=

DDDLDR σσσ
β
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If the variables can be assumed to be normal, the 
underlying probability of failure would be

( )( ) 31096.1885.21 −×=Φ−=Fp
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END


