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P is an integral convex d-polytope =
Lp(t) is a polynomial in t of degree d

‘P is a rational convex d-polytope =
Lp(t) is a quasipolynomial in t of degree d;
Its period divides the denominator of P

‘P a convex rational polytope = for any t € Z+q

Lp(—t) = (—=1)4™P Lpo(t)

@ Fourier—Dedekind Sums and the Coin-Exchange Problem Revisited

@® The Dedekind Sum and Its Reciprocity and Computational
Complexity

© Rademacher Reciprocity for the Fourier—Dedekind Sum

O The Mordell-Pommersheim Tetrahedron

@ Look at Fourier—Dedekind sums more closely

® In particular, their reciprocity
© Application to their computation
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Fourier-Dedekind Sums and the Coin-Exchange Problem Revisited

Restricted partition functions (from Chap 1)

For two or three coins

1 1 n
p{a1,az}(n) = 2_31 + 2—32 + E +s_p(a1; a2) + s_n(az; a1),

= (Lt 2
n) = 5
P{ay,a2,a3} 2a1aa3 2 \ @132 a1a3  apas

1 3 3 3 ai as das
o+ =+ —+ =+
12 dai an as dpas dias diap

+s_p(a1, a2; a3) + s_n(az, as; a1) + s_n(a1, as; a2) )
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Fourier-Dedekind Sums and the Coin-Exchange Problem Revisited

Reminder: Fourier—Dedekind sums

Definition (Fourier-Dedekind sum)

1"23 5
sn(a1, az,...,a4;b) = —
1, d2 d b = ka1) (1_ Zaz) . <1 _ kad)

e Note: &, = e2m/b

o Appeared in computation of pa(n) in Chap 1

Definition (Restricted partition function)
all m; >0
= . ez?: § == ,
pA(n) #{(m:l? 7md) mlal+...+mdad:n }
for A={a1,...,aq} a set of coprime positive integers
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Fourier-Dedekind Sums and the Coin-Exchange Problem Revisited
Example 8.1: When n =0 and d =2
a, b coprime positive integers
b—1
1
a 1 b B
o (1-&) (1-6)
1&g 1) < 1 1)
) pet 1—-¢f 1-¢F 2
1 "i 1 o 1 1 "Zl 1
il —= - -
2bk11 1 & bk:14
1bl( +§ka)<1+€b> bz 1 -1
~ 4b p 1-¢&f ’g 4b
—s(a,b)
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1 1 b—1
so(a,1;b) = —s(a, b) + — P
b2s1—¢k  4b
1 1 b-1
B AT
-1
——s(a,b)+4—b O

1

12 1 n 1 1
EEU_T)—‘{B}’LE‘%

ai,...,aq pairwise coprime
1
f(z) =
@ =G i)
At A A B B, By

BT e R e Sl i AR o o )

T G B G G

+ + et

gt gt T L g
pa(n) = const f(z)

=—B+B,—---+ (—1)dBd +s_, (32, as,...,ad, al)

+5_n(a1,a3,a4,...,84;3)+ - +5_,(a1,82,...,34-1; ad)

Note: By, ..., By are polynomials in n (Exer, 8.6)

For a1, a, coprime to b,

so (a1, a; b) = —s (a3, ', b) + ——,

1

where a5 a2, =1 mod b

The polynomial part of pa(n) is

polya(n) == =By + By —--- + (—1)?By

Example: n =2

1 n

1
p{al,az}( ) 231 + 2_82 + ; + s_ (31, 32) +s_ (32, 31)

Therefore
1 1 n

poly ,, 2,3 (n) = 22, + 22 + PPN



Fourier-Dedekind Sums and the Coin-Exchange Problem Revisited

Zagier's reciprocity

Theorem 8.4 (Zagier's reciprocity)

For any pairwise coprime positive integers a;, as, . . ., a4,

50(32733;-~-7ad;31)+50(317337347-~-73d;32)+"'

+s0(a1,a,...,84-1;q)
= 1 - po'Y{al,az,...,ad}(O)

Example: d =2

1 1

; a)=1—g———
so(a1; a2) + so(az; a1) 22, 22
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Fourier-Dedekind Sums and the Coin-Exchange Problem Revisited

Proof of Zagier's reciprocity

e By computing the constant term of pa(n)
pa(0) = poly(0)
+ So (827 a3,...,dd, al)

+ s (a1, as, as, ..., aq4; @)

+--+50(a1,a2,...,84-1;ad)

e pa(0) =1
° -
1 = poly(0)
+ 50 (a2, a3, - - -, aq; a1)
+ 50 (a1, a3, a4, .. ., aq; a2)
"‘"'+So(31,32,...,ad_1;ad)
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The Dedekind Sum and Its Reciprocity

Contents of this section

(Exer 3.27)
O
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Relations among reciprocity theorems

Zagier (Thm 8.4) | —specialize—

Dedekind (Cor 8.5)

so(a1,---,a8d-1; ad) s(a, b)
!
generalize generalize
!
Rademacher Dedekind—Rademacher
(Thm 8.8) —specialize— (Cor 8.9)
Sn(a1; - - - 3d-1; ad) ra(a, b)
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The Dedekind Sum and Its Reciprocity

Reciprocity of the Dedekind sums

The Dedekind Sum and Its Reciprocity

Computational aspect

Corollary 8.5 (Dedekind’s reciprocity law)
For any coprime positive integers a and b,

1 /fa b 1 1
5(3,b)+5(b,3):12<b+a+ab> _Z

Proof:
o so(a,1;b) = —s(a, b) + &2 (Example 8.1)
o so(b,a;1) =0 (by Def)

o With Zagier's reciprocity
so(a,1; b) + so(b, a; 1) + so(1, b; a)

1 /3 3 a 1 b
=1- = (Z43+>4+-+—+= O
12 ( a b b ab a )
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The Dedekind Sum and Its Reciprocity

Computational aspect (cont'd)

773 1(6 47 1\ 1
100,147) = — 2> L L (2 A LN L g4y
s(100,147) = =50757 + 1 (47jL 6 +282> g~ sU.6)

2
)
166 1 /5 6 1 1
441_<2<6+5+30>_4_5(6’5)>
5

)
2003 1,1 5

4410 4+3o+12

57
882

here we used s(1, k) = 1+i+£ (Exer 7.20)

where we u K=t et xer 7.
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A consequence of Dedekind's recprocity law
It enables us to compute Dedekind sums efficiently J

e Reminder: s(a, b) = s(a mod b, b)
Example 8.6: a = 100, b = 147

1 /100 147 1 1

1249

— 2 5(47.100
17640 *(47:100)
1249 (1 (/47 100 1 1

—o e (S (2L S ) 2100, 47
17640 (12 (100+ 47 +4700> 55100, )>
773

—_ e 47
20727+ 5(6:47)
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Rademacher Reciprocity for the Fourier—Dedekind Sum

©® Rademacher Reciprocity for the Fourier—Dedekind Sum
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Rademacher Reciprocity for the Fourier—Dedekind Sum

Contents of this section

Rademacher Reciprocity for the Fourier—Dedekind Sum

Rademacher reciprocity

Theorem 8.8 (Rademacher reciprocity)

Relations among reciprocity theorems
Zagier (Thm 8.4) | —specialize— | Dedekind (Cor 8.5) ai, a,...,aq pairwise coprime positive integers
so(a1, .-, ad-1;aq) s(a, b) ne{l,2,...;a1+ - -+as—1} =
1 l
generalize generalize Sn(a2,as,..., a4 a1) +sp(a1,33,a4,...,34;32) + -+
! ! + 50 (a1, 32, ad-1; 3d) = — poly,, 4, 0 (—N)
Rademacher Dedekind—Rademacher
(Thm 8.8) —specialize— (Cor 8.9) Proof:
sn(a1, ..., ad-1; a4) r.(a, b) e Let (c.f. Exercise 1.31)
all m; >0
a(n) = m,...,mg) €Z: J ’
pi(n) = # {(mu oy ezes W20
e pa(n) = (=1)"pa(—n) (Ehrhart—-Mcdonald reciprocity)
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Rademacher Reciprocity for the Fourier-Dedekind Sum Rademacher Reciprocity for the Fourier-Dedekind Sum
Rademacher reciprocity (cont'd) Contents of this section
¢ Then Relations among reciprocity theorems
(—1)?"*pa(n) = polya(—n) + s (a2, as, .- ., aa; a1) Zagier (Thm 8.4) | —specialize— | Dedekind (Cor 8.5)
+ s, (al,a3,a4,...,ad;az) 50(31;-~-7ad71;3d) 5(3, b)
445y (a1, a2, ..., ad-1; aq) . . ! .
generalize generalize
o By definition 1 1
°(n) =0 p 1 4g 1 Rademacher Dedekind—Rademacher
Palin) = o n=Lhs-ma ad (Thm 8.8) —specialize— (Cor 8.9)
e For those n, sp(a1, ..., ad-1;aq) ra(a, b)
0 =poly,(—n) + sn (a2, as,...,aq4; a1)
+ 5n (317 33, 347 ct ad; 32)
+-+s,(a1,82,...,84-1;ad) O
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Rademacher Reciprocity for the Fourier—Dedekind Sum

Dedekind—Rademacher sums

Definition (Dedekind-Rademacher sum)

=3 (%) ()

k=0

Note: ro(a, b) = s(a, b)

We're going to see
e reciprocity for Dedekind—Rademacher sums
o where we met Dedekind—Rademacher sums before
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Rademacher Reciprocity for the Fourier—Dedekind Sum

Proof of Cor 8.9

Rademacher Reciprocity for the Fourier—Dedekind Sum

Reciprocity law for Dedekind—Rademacher sums

Corollary 8.9 (Reciprocity law for Dedekind—-Rademacher sums)

a and b coprime positive integers, n € {1,2,...,a+ b} =
n? n(1 1 1 1 /a b 1
@) +ilba) =g =3 (434 5) + 35 (G424 5)

S(E) (B @)+ G))

1
+ 7 (14 xa(n) + xs(n))
where a 'a=1mod b and b"'h=1 mod a )

Notation

0 otherwise

Ta(n) = {1 if a|n,
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Rademacher Reciprocity for the Fourier—Dedekind Sum

Proof of Lem 8.10 (cont'd)

Cor 8.9 immediately follows after we see the following lemma

Lemma 8.10
a and b coprime positive integers, n € Z =

o=+ 5 () +5(55) -

Proof of Lem 8.10:
o Recalling the def of a sawtooth function

(R

= {3} - 30— )
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kn

e Recall: s,(a,1;b)

kn
b

k
1 ¢f

o \

o

-1

I

-1
1
o Let f(n):= and g(n) := =3 Z éka then
k=

o | =
=
Il

=3 F(n— m) g(m)

by the convolution theorem
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Rademacher Reciprocity for the Fourier—Dedekind Sum

Proof of Lem 8.10 (further cont'd)

Rademacher Reciprocity for the Fourier—Dedekind Sum

Proof of Lem 8.10 (further cont'd)

e Then,
—n 1 1
0 D - = f hap 1
(n) {b}+2 T (from Chap 1)
—n 1 1 n 1 1
= (7)) + 22035 = (§)) + 360 55
b-1 n b— a *'n
TR W L ot i
- ka k
bk:11_§b bkzll—fb
aln 1 1 1
-((557) + 30 -5
= ((Z2)) + 2 - o
" 2 Xe\ =5
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Rademacher Reciprocity for the Fourier—Dedekind Sum

Where did we meet Dedekind—Rademacher sums?

Theorem 2.10
For the triangle 7 given by (16), where e and f are coprime,

1 1 1 1 1
LT(t):@(tr—u—vf—i—a(tr—u—v) <e+f+ef>

+1 1+1+l “ri E_i_i_'_i
4 e f 12\f e ef

1 e—1 Je'(v—tr) 1 f—1 é-)lc(u—tr)
+= +
2 e (1=d) TR I8
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m=0
rn(a,b)
1//n 1 1
“(=))——+- Exer 8.9
T2 ((b)) a5 a0 (Bxer 8.9)
O
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Rademacher Reciprocity for the Fourier—Dedekind Sum
Where did we meet Dedekind—Rademacher sums?: Rephrasing
Theorem 2.10, rephrased
For the triangle 7 given by (16), where e and f are coprime,
1 s 1 1 1 1
Lr(t) = =— (tr —u— S(tr—u—-v)[+Z+=
7(t) 2ef(r u=v) +2(r ! v)<e+f+ef>
+1 1+1+1 N 1 e+f+ 1
4 e f 12\f e ef
+sv—u(f,1;€) + sy_er(e,1; 1)
where u= [2]eand v = [2] f
Consequence of reciprocity
The Ehrhart quasipolynomial of a rational convex polygon can be
computed efficiently
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O The Mordell-Pommersheim Tetrahedron
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The Mordell-Pommersheim Tetrahedron

The lattice-point enumerator of the MP tetrahedron

The Mordell-Pommersheim Tetrahedron

Mordell-Pommersheim tetrahedra

Mordell-Pommersheim tetrahedra
e show another type of relations of Dedekind sums with generating
functions

e historically first gave rise to the connection of Dedekind sums
and lattice-point enumeration in polytopes

e a b, c positive integers
e Morderll-Pommersheim tetrahedron: 3-polytope w/ vertices

(0,0,0), (a,0,0), (0,5,0), and (0,0, ¢)

P:{(X’W)GW:X,%QO, f+%+5§1}
a C

Let's compute the Ehrhart polynomial of P

e Skip the whole calculation (see Exer 8.11)
e Restrict to pairwise coprime a, b, ¢ (see Exer 8.12)

Theorem 8.11
For the Mordell-Pommersheim tetrahedron P with a, b, ¢ pairwise
coprime,

abc ;5 ab+ac+bc+1 ,
—t + t

Lp(t) = 5 2
L (S evbire 1 jbe @, 8, L
4 4 12\ a b c abc
—s(bc,a)—s(ca,b)—5(ab,c)>t—|—1 O

Thus, the Ehrhart polynomial of the Mordell-Pommersheim

tetrahedra can be computed efficiently
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Summary
Summary
Conclusion

We saw the following can be computed efficiently (by means of
reciprocity)
o Dedekind sums
o Ehrhart polynomials of the Mordell-Pommersheim tetrahedra
o Dedekind—Rademacher sums
e Ehrhart quasipolynomials of rational convex polygons

Question
Can we compute the Ehrhart quasipolynomial of any convex polytope
efficiently?

We try to answer the question in the next lecture
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