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@ Fourier—Dedekind Sums and the Coin-Exchange Problem Revisited

® The Dedekind Sum and Its Reciprocity and Computational
Complexity

© Rademacher Reciprocity for the Fourier—Dedekind Sum

O The Mordell-Pommersheim Tetrahedron
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Important theorems from the previous lectures

Theorem 3.8 (Ehrhart's Theorem)

P is an integral convex d-polytope =
Lp(t) is a polynomial in t of degree d

Theorem 3.23 (Ehrhart's Theorem for rational polytopes)

P is a rational convex d-polytope =
Lp(t) is a quasipolynomial in t of degree d;
Its period divides the denominator of P

Theorem 4.1 (Ehrhart—Macdonald reciprocity)
P a convex rational polytope = for any t € Z+

Lp(—t) = (=1)"™"Lps(t)

Y. Okamoto (Tokyo Tech) DMCS'09 (9) 2009-07-02
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@ Look at Fourier—Dedekind sums more closely
@® In particular, their reciprocity

© Application to their computation

«O> «F>r «=» «E» Q>




Fourier—Dedekind Sums and the Coin-Exchange Problem Revisited

@ Fourier—Dedekind Sums and the Coin-Exchange Problem Revisited
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Fourier—Dedekind Sums and the Coin-Exchange Problem Revisited

Reminder: Fourier—Dedekind sums

Definition (Fourier—-Dedekind sum)

b—1 kn
b

1
P a-g =g (1-6)

e Note: &, = 27/b
e Appeared in computation of pa(n) in Chap 1

Definition (Restricted partition function)
all mj >0
n) = mi,...,mg) € Z%: I ="
PA() #{( 1 ) d) m1a1+..._|_mdad:n}’
for A={ay,...,a4} a set of coprime positive integers

Y. Okamoto (Tokyo Tech) DMCS'09 (9) 2009-07-02 6 /36



Fourier—Dedekind Sums and the Coin-Exchange Problem Revisited

Restricted partition functions (from Chap 1)

For two or three coins

1 1 n
Plony(n) = 2_al+2_a2+_a1a2+5_"(al;82)+s_"(a2;al)’
= 2 4o( Ly L2
n = -——+3
P{ay,ap,a3} D Eni 2 \ aja, aas aras

12 a an as doas dias adi1an
+s_n(a1, a2; a3) + s_p(az, a3; a1) + s_n(a1, a3; a2)

1 /(3 3 3 a a a
o+ ——+—+
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a, b coprime positive integers
=
so(a, 1;b) = =
0( ) b Zl

D




Fourier—Dedekind Sums and the Coin-Exchange Problem Revisited

Example 8.1: When n=0and d =2

a, b coprime positive integers

1 1
s(a,1;b) = b 2 (1@ (1 &)
5w 3) (Fa )
_bk:1 1—¢e 2)\1-¢ 2
+ib—1 1 +ib—1 1 _lb_ll
2bi=1—¢p  2b4=1-¢ff b4
IO TR ] UG
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Fourier—Dedekind Sums and the Coin-Exchange Problem Revisited

Example 8.1: When n=0and d =2

a, b coprime positive integers

1 1
so(a,l,b):Ek:1 (1@ (1 &)
1=/ 1 1 11
2 (a2 (Fe )
+ib—1 1 +ib—1 1 _lbz—il
2b = 1—¢f " 2bie1-gf b4
1= (146 (146 1= 1 b—1
‘Tbkzl(l— éa) (1—§§>1+5k:11—€§_ 4b

Y. Okamoto (Tokyo Tech) DMCS'09 (9) 2009-07-02 8 /36



Fourier—Dedekind Sums and the Coin-Exchange Problem Revisited

Example 8.1: When n=0and d =2

a, b coprime positive integers

1 1
So(a,l,b)—gk:1 (1_ Za) (1_55)
1=/ 1 1 11
2 (a2 (Fe )
+ib—1 1 +ib_1 1 _lbz_il
2b = 1—¢f " 2bie1-gf b4
1= (146 (146 1= 1 b—1
‘Tbkzl(l— éa) (1—&5) Thaiog b
~on ’

Y. Okamoto (Tokyo Tech) DMCS'09 (9) 2009-07-02 8 /36
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For a;, a, coprime to b,
so(ar, ax b) = —s (a1a, ', b) +
where ay'a; = 1 mod b

b—1
4b

«O> «F>r «=» «E» = Q>




ai, ..., aq pairwise coprime
1
f =
e s S ¢ gy




Fourier—Dedekind Sums and the Coin-Exchange Problem Revisited

How the Fourier-Dedekind sums arose in Chap 1

ai, ..., aq pairwise coprime
1
f(z) =
(2) (1—zn) (1 z%) 2"
A A A B B, By
_z+ ? oot ”+z—1+(z—1)2 +(z—1)d
31—1 32—1 ad—l
Cik Cox Cax
LD DD DR Dl
k=1 a1 k=1 2 k=1 ad

Y. Okamoto (Tokyo Tech) DMCS'09 (9) 2009-07-02
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Fourier—Dedekind Sums and the Coin-Exchange Problem Revisited

How the Fourier-Dedekind sums arose in Chap 1

ai, ..., aq pairwise coprime
1
f(z) =
(2) (1—zn) (1 z%) 2"
A A A B B, By
_z+z2+ +z”+z—1+(z—1)2+ +(z—1)d
31—1 32—1 ad—l
Cik Cox Cax
+Zz— k +ZZ_£I< +"'+ZZ_ K
k=1 a k=1 a2 k=1 aq

pa(n) = const f(z)
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Fourier—Dedekind Sums and the Coin-Exchange Problem Revisited

How the Fourier-Dedekind sums arose in Chap 1

ai, ..., aq pairwise coprime
1
f(z) =
(2) (1—zn) (1 z%) 2"
A A A B B> By
_z+z2+ +z”+z—1+(z—1)2+ +(z—1)d
31—1 32—1 ad—l
Cik Cox Cax
D D I i S
k=1 1 k=1 2 k=1 d
pa(n) = const f(z)
= —Bl + Bg — o+ (—1)dBd +5s_, (82, as,...,ad, 21)
+5 (81,83, 84,...,8d;a) + - +5s_p(a1,a,...,34-1; ad)
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Fourier—Dedekind Sums and the Coin-Exchange Problem Revisited

How the Fourier-Dedekind sums arose in Chap 1

ai, ..., aq pairwise coprime
1
f(z) =
(2) (1—zn) (1 z%) 2"
- A1 A2 A,-, Bl BQ Bd
_z+z2+ +z”+z—l+(z—1)2+ +(z—1)d
31—1 32—1 ad—l
Cik Cox Cax
+Zz_ K +ZZ_§/9< +"'+ZZ_ k
k=1 1 k=1 2 k=1 d
pa(n) = const f(z)
= —Bl + Bg — o+ (—1)dBd +5s_, (82, as,...,ad, 21)
+s_n(a1,as,as,...,a4; @) + - +5_p(ar,a,...,a4-1; ad)
Note: By, ..., By are polynomials in n (Exer, 8.6)

Y. Okamoto (Tokyo Tech) DMCS'09 (9) 2009-07-02 11 /36



The polynomial part of pa(n) is

polys(n) == =By + By —--- + (—l)dBd




The polynomial part of pa(n) is

Example: n =2

polys(n) == =By + By —--- + (—l)dBd
1
P{al,az}(n)

n 231 232

— +5 ,(a1; a S_pla; a
3132+ (1 2)+ (2 1)



The polynomial part of pa(n) is

Example: n =2

(n) Ly
ai,a: n)=— ~_
Pfay,az} 2a;
Therefore

282

polys(n) == =By + By —--- + (—l)dBd

diar

—— + s ,(a1; 3) + s_p(a2; a1)
1 N 1
231

n
+_
232 didr
«O> «F>r «=» «E» = Q>
Y. Okamoto (TokyoTech) ~  DMCS09(9) 2009-07-02  12/36

pOIy{a1,az} ( n) =



Fourier—Dedekind Sums and the Coin-Exchange Problem Revisited

Zagier's reciprocity

Theorem 8.4 (Zagier's reciprocity)
For any pairwise coprime positive integers aj, a», .. ., aq,

50(32,33,...,ad;31)+So(al,a3,a4,---,ad;22)+"'
+ So (a17 a,...,dd—1, ad)

=1- pOIy{al,ag,...,ad}(O)

Example: d =2

Y. Okamoto (Tokyo Tech) DMCS'09 (9) 2009-07-02
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Fourier—Dedekind Sums and the Coin-Exchange Problem Revisited

Proof of Zagier's reciprocity

e By computing the constant term of pa(n)

pa(0) = poly4(0)

+ So (327337 <.y dd; 31)
+$O (317337247 <oy dd; 32)
+"'+50(81782,...,ad_1;ad)

Y. Okamoto (Tokyo Tech) DMCS'09 (9) 2009-07-02
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Fourier—Dedekind Sums and the Coin-Exchange Problem Revisited

Proof of Zagier's reciprocity

e By computing the constant term of pa(n)

pa(0) = poly4(0)

+SO (32733,---,3(1;31)
+$O (317337347"'736/;32)
+"'+50(81782,...,ad_1;ad)

e pa(0) =1 (Exer 3.27)

Y. Okamoto (Tokyo Tech) DMCS'09 (9) 2009-07-02 14 / 36



Fourier—Dedekind Sums and the Coin-Exchange Problem Revisited

Proof of Zagier's reciprocity

e By computing the constant term of pa(n)

pa(0) = poly4(0)

+ So (327 as,...,dd, 31)
+ So (317 as, d4, ..., dd, 32)
+"'+Sg(81,82,...,ad_1;ad)
e pa(0) =1 (Exer 3.27)
o -
1 = poly,(0)

+ Sy (32, as,...,ad, 31)
+ So (317 a3, d4, ..., dad, a2)

+-+5s0(a1,a2,.-.,34-1; ) =

Y. Okamoto (Tokyo Tech) DMCS'09 (9) 2009-07-02 14 / 36



The Dedekind Sum and Its Reciprocity

® The Dedekind Sum and Its Reciprocity and Computational
Complexity
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The Dedekind Sum and Its Reciprocity

Contents of this section

Relations among reciprocity theorems

Zagier (Thm 8.4)
50(31, - ad)

l

generalize

!

Rademacher
(Thm 8.8)

s,,(al, <., dd—1, ad)

—specialize—

—specialize—

Dedekind (Cor 8.5)
s(a, b)

!

generalize

!

Dedekind—Rademacher
(Cor 8.9)
r.(a, b)

Y. Okamoto (Tokyo Tech)

DMCS'09 (9)
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For any coprime positive integers a and b,

s(a, b) + s(b,a) = B

1 3+9 1
b

a+£)—




The Dedekind Sum and Its Reciprocity

Reciprocity of the Dedekind sums

Corollary 8.5 (Dedekind's reciprocity law)

For any coprime positive integers a and b,

1 /fa b 1
(ab)+s(ba) 12<b+;+5)_

ENJe.

Proof:
o so(a,1;b) = —s(a, b) + 21 (Example 8.1)

Y. Okamoto (Tokyo Tech) DMCS'09 (9) 2009-07-02 17 / 36



The Dedekind Sum and Its Reciprocity

Reciprocity of the Dedekind sums

Corollary 8.5 (Dedekind's reciprocity law)

For any coprime positive integers a and b,

1 /a b 1 1
s(a, b) + s(b,a) = 12<b+;+£)_1
Proof
o so(a,1;b) = —s(a, b) + 21 (Example 8.1)
o so(b,a;1)=0 (by Def)

Y. Okamoto (Tokyo Tech) DMCS'09 (9) 2009-07-02 17 / 36



The Dedekind Sum and Its Reciprocity

Reciprocity of the Dedekind sums

Corollary 8.5 (Dedekind's reciprocity law)

For any coprime positive integers a and b,

1 /fa b 1 1
s(a, b) + s(b,a) = 12<b+;+£)—1
Proof:
o so(a,1;b) = —s(a, b) + 21 (Example 8.1)
o so(b,a;1)=0 (by Def)
e With Zagier's reciprocity
so(a,1; b) + so(b, a; 1) + so(1, b; a)
1 /3 3 1 b
—1— il
12<+3+b+b+ —+ ) m

Y. Okamoto (Tokyo Tech) DMCS'09 (9) 2009-07-02 17 / 36



It enables us to compute Dedekind sums efficiently l
e Reminder: s(a, b) = s(a mod b, b)

Example 8.6: a = 100, b = 147

5(100, 147)
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The Dedekind Sum and Its Reciprocity
Computational aspect

A consequence of Dedekind's recprocity law
It enables us to compute Dedekind sums efficiently

e Reminder: s(a, b) = s(a mod b, b)
Example 8.6: a = 100, b = 147

1 /100 147 1
s(100,147) = ( 00

1
M ) L 51471
12 147+100+14700) g~ S147,100)

Y. Okamoto (Tokyo Tech) DMCS'09 (9) 2009-07-02
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The Dedekind Sum and Its Reciprocity

Computational aspect

A consequence of Dedekind's recprocity law
It enables us to compute Dedekind sums efficiently

e Reminder: s(a, b) = s(a mod b, b)
Example 8.6: a = 100, b = 147

1 /100 147 1 1
( 00 —) —, —s(147,100)

100, 14 2L
s(100.147) = 75\ 137 T 100 T 14700
1249

Y. Okamoto (Tokyo Tech) DMCS'09 (9) 2009-07-02
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The Dedekind Sum and Its Reciprocity
Computational aspect

A consequence of Dedekind's recprocity law
It enables us to compute Dedekind sums efficiently

e Reminder: s(a, b) = s(a mod b, b)
Example 8.6: a = 100, b = 147

1 (100 147 1 1
100, 14 SRS ) Lt (14,1
s(100,147) = 35 (147+100+14700) g~ S147,100)
1249

1249 1 47 100 1 1
= 17680 (E (m+ﬁ+m) —1—5“00’47))

Y. Okamoto (Tokyo Tech) DMCS'09 (9) 2009-07-02 18 / 36



The Dedekind Sum and Its Reciprocity
Computational aspect

A consequence of Dedekind's recprocity law
It enables us to compute Dedekind sums efficiently

e Reminder: s(a, b) = s(a mod b, b)
Example 8.6: a = 100, b = 147

5(100,147) = 112 (% + % + ﬁ) - % — 5(147,100)
_ _% _ 5(47,100)
_ —%— (% (%+%+ﬁ) —%—5(100,47))
_ _% + 5(6,47)

Y. Okamoto (Tokyo Tech) DMCS'09 (9) 2009-07-02 18 / 36



20727 1
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g~ s(47.6)
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vt etm) 3
20727 12 \47 6 282
166
T 441 —5(5,6)

g~ s(47.6)
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The Dedekind Sum and Its Reciprocity

Computational aspect (cont'd)

773 1/6 47 1\ 1
100,147) = — > 4w =~ (2 4200 2 ) 2 476
(100, 147) 20727+12(47+6+282) g~ s4.0)
166
m—5(5,6)
166 (1 /5 6 1) 1
= (S (2424 ) =2 — (6,5
441 (12(6+5+30) e ))
DMCS'09 (9) 2009-07-02 19/ 36
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The Dedekind Sum and Its Reciprocity
Computational aspect (cont'd)

773 1/6 47 1\ 1
100, 14 ILL AT R . R CONI S
s(100.147) = 55757 T 12 (47+ 6 +282) g~ s4.0)

166

441 s(5,6)
166 (1 1

~ 41 (E ( ) T3 _5(6’5))
2003
= qa10 TS1Y)

Y. Okamoto (Tokyo Tech) DMCS'09 (9) 2009-07-02 19 / 36



The Dedekind Sum and Its Reciprocity

Computational aspect (cont'd)

773 1/6 47 1\ 1
100, 14 L BT L _s(4
s(100,147) = =55757 * 2(47+6+282) g~ SU47.6)
166
=221 5
166 (1 (5 1
m—(r(a 5 ) 1—5(6’5))
2003
_@_l+l+£
© 4410 4 30 12
h d s(1, k) = 1+1+k (Exer 7.20)
where we used s(1, PRIED xer 7.

Y. Okamoto (Tokyo Tech) DMCS'09 (9) 2009-07-02 19 / 36



The Dedekind Sum and Its Reciprocity

Computational aspect (cont'd)

773 n
20727

6 47 1\ 1
22— (4
(47+6+282) g~ SU47.6)
166

“a1 G

1

12

6)
- (ags) i)
:%—FS( 1,5)
1

s(100,147) =

4410
2003 1

5

w0 13012
577

882

1 1 k
where we used s(1, k) = —— TR (Exer 7.20)

Y. Okamoto (Tokyo Tech) DMCS'09 (9) 2009-07-02 19 / 36



Rademacher Reciprocity for the Fourier—Dedekind Sum

© Rademacher Reciprocity for the Fourier—Dedekind Sum
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Rademacher Reciprocity for the Fourier—Dedekind Sum

Contents of this section

Relations among reciprocity theorems

Zagier (Thm 8.4)
50(31, <., dd—1, ad)

l

generalize

!

Rademacher
(Thm 8.8)
Sn(al, -5 dd—1; ad)

—specialize—

—specialize—

Dedekind (Cor 8.5)
s(a, b)

!

generalize

!

Dedekind—Rademacher
(Cor 8.9)
r.(a, b)

Y. Okamoto (Tokyo Tech)

DMCS'09 (9)

2009-07-02
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ai, a, ..., aq pairwise coprime positive integers
ne{l,2,....,a1+ - -+as—1} =
Sn (32, 33, - -

., ad; a1) + s, (a1, a3, as,

yag;ax) + -
+sp(a1, a2, ..., a4-1;ad) = — P0|Y{al,a2,...,ad}(—")

«O» «Fr «Z» « > Q>




Rademacher Reciprocity for the Fourier—Dedekind Sum

Rademacher reciprocity

Theorem 8.8 (Rademacher reciprocity)

a, a,...,aq pairwise coprime positive integers
ne {1,2,...,81—|—"'+3d—1} =

sn(az,as,...,aq4;a1) +sp(a1,as,as,...,aq4 a) +

+ s, (31, a,...,dd—1, ad) = = pOIy{al,a2,...,ad}(_n)

Proof:
o Let (c.f. Exercise 1.31)

all m; >0,

o - d .
pA(n)—#{(m17""md)€Z " may+ -+ mgag =n

Y. Okamoto (Tokyo Tech) DMCS'09 (9)
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Rademacher Reciprocity for the Fourier—Dedekind Sum

Rademacher reciprocity

Theorem 8.8 (Rademacher reciprocity)

a, a,...,aq pairwise coprime positive integers

ne{l,2,...,a1+---+a;,— 1} =

sn(a2,as,...,aq4;a1) +5,(a1,83,84,...,34;a) + - - -

+ s, (31, a,...,dd—1, ad) = = pOIy{al,a2,...,ad}(_n)

Proof:
o Let (c.f. Exercise 1.31)

pa(n) = # { (ms,...ma) € 2

all m; >0,
miay + .-+ mgag = n

|

e ps(n) = (=1)"pa(—n) (Ehrhart-Mcdonald reciprocity)

Y. Okamoto (Tokyo Tech) DMCS'09 (9)
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e Then
(—=1)9"1pa(n) = polya(—n) + s, (a2, a3,

-y dad, 31)
+ s, (a1,a3,a4, ..., a4; a2)
+ -+ 5, (a1, a2,

-y dd—1, ad)



Rademacher Reciprocity for the Fourier—Dedekind Sum

Rademacher reciprocity (cont'd)

e Then
(_1)d_1p2(n) - p0|yA(_n) + Sn (a27 az,...,dd, al)
+ Sn (aly 33, 347 ceey ad, 32)
+“‘+5n(21,32,...,ad_1;ad)

e By definition

pa(n) =0 for n=1,2,...,a1+ --+a4—1

Y. Okamoto (Tokyo Tech) DMCS'09 (9) 2009-07-02
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Rademacher Reciprocity for the Fourier—Dedekind Sum

Rademacher reciprocity (cont'd)

e Then

(_1)d_1p2(n) - p0|yA(_n) + Sn (a27 az,...,dd, al)
+ s, (a1, a3, a4, ..., a4; a)
+---—1—5,,(a1,az,...,ad_1;ad)

e By definition
pa(n) =0 for n=1,2,...,a1+ --+a4—1
e For those n,

0 =poly,(—n) + s, (a2, a3, ..., aq4; a1)
+ Sp (ala ds, ds, ..., dad, 32)

+...+5n(al,22,...,ad_1;ad)

Y. Okamoto (Tokyo Tech) DMCS'09 (9) 2009-07-02
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Rademacher Reciprocity for the Fourier—Dedekind Sum

Contents of this section

Relations among reciprocity theorems

Zagier (Thm 8.4)
50(31, <., dd—1, ad)

l

generalize

!

Rademacher
(Thm 8.8)

s,,(al, <., dd—1, ad)

—specialize—

—specialize—

Dedekind (Cor 8.5)
s(a, b)

!

generalize

!

Dedekind—Rademacher
(Cor 8.9)
r.(a, b)

Y. Okamoto (Tokyo Tech)

DMCS'09 (9)

2009-07-02

24 / 36



Rademacher Reciprocity for the Fourier—Dedekind Sum

Dedekind—Rademacher sums

Definition (Dedekind—Rademacher sum)

0= ((25) (3)

k=0

Note: rp(a, b) = s(a, b)

We're going to see
e reciprocity for Dedekind—Rademacher sums
e where we met Dedekind—Rademacher sums before

Y. Okamoto (Tokyo Tech) DMCS'09 (9) 2009-07-02
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Rademacher Reciprocity for the Fourier—Dedekind Sum

Reciprocity law for Dedekind—Rademacher sums

Corollary 8.9 (Reciprocity law for Dedekind—Rademacher sums)

a and b coprime positive integers, n € {1,2

n? n/1 1 1 1 /a
rﬂ(‘37 b) + rn(ba a) 7[) E (ab 5 > + E <b

() (5)+

+4(1+Xa( )+ x6(n)),
where a'a=1mod band b~ 1h=1

mod a

.,a+ b} =

b1
a ab

()

+

()

Notation

(n) 1 if a|n,
2(n) =
. 0 otherwise

Y. Okamoto (Tokyo Tech) DMCS'09 (9)

2009-07-02
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Rademacher Reciprocity for the Fourier—Dedekind Sum

Proof of Cor 8.9

Cor 8.9 immediately follows after we see the following lemma

Lemma 8.10
a and b coprime positive integers, n € Z. =

s = tor0 () (%)

Y. Okamoto (Tokyo Tech) DMCS'09 (9) 2009-07-02 27 / 36



Rademacher Reciprocity for the Fourier—Dedekind Sum

Proof of Cor 8.9

Cor 8.9 immediately follows after we see the following lemma

Lemma 8.10
a and b coprime positive integers, n € Z. =

s = tor0 () (%)

Proof of Lem 8.10:
e Recalling the def of a sawtooth function

n if b|n,
((E)) B {?g} — 1 otherwise
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Rademacher Reciprocity for the Fourier—Dedekind Sum

Proof of Cor 8.9

Cor 8.9 immediately follows after we see the following lemma

Lemma 8.10
a and b coprime positive integers, n € Z. =

s = tor0 () (%)

Proof of Lem 8.10:
e Recalling the def of a sawtooth function

n 0 if b|n,
((E)) B {{%} — 1 otherwise

{2}

Y. Okamoto (Tokyo Tech) DMCS'09 (9) 2009-07-02 27 / 36



Rademacher Reciprocity for the Fourier—Dedekind Sum

Proof of Lem 8.10 (cont'd)

1 b—1 kn
e Recall: s,(a,1;b) = — b .
b (1—-¢f) (1-¢F)
b—1 b—1
1 5{;” 1 glgn
e Let f(n) = — and g(n) := — , then
() =32 7 2g andel) bgl_ga
b—1
sn(a,1;b) = f(n—m)g(m)
m=0

by the convolution theorem
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Rademacher Reciprocity for the Fourier—Dedekind Sum

Proof of Lem 8.10 (further cont'd)

e Then,
+ L_ (from Chap 1)
TNAL P

=—((T"> % (RS

Y. Okamoto (Tokyo Tech) DMCS'09 (9) 2009-07-02 29 / 36



Rademacher Reciprocity for the Fourier—Dedekind Sum

Proof of Lem 8.10 (further cont'd)

e Then,
f(n):—{%n +%—% (from Chap 1)
—n 1 1 n 1 1
= ((T ) 3000 = 55~ ((5) + 300 - 35
b1
1 g
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Rademacher Reciprocity for the Fourier—Dedekind Sum

Proof of Lem 8.10 (further cont'd)

e Then,
—n 1 1
f(n)=— {T +5 755 (from Chap 1)
—n 1 1 n 1 1
= ((T ) 3000 = 55~ ((5) + 300 - 35
g - 1 b1 ek 1 b1 ekt
- ka k
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Rademacher Reciprocity for the Fourier—Dedekind Sum

Proof of Lem 8.10 (further cont'd)

e Then,
—n 1 1
f(n)=— {T +5 755 (from Chap 1)
—n 1 1 n 1 1
= ((T)) 3000 = 55~ ((5) + 300 - 35
b1 b—1 po-1
1 fﬁn 1 glga n
g(n) =+ ==
bgl—ﬁé bi1-¢;
_ atn 1 . 1
~((557) raet
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Rademacher Reciprocity for the Fourier—Dedekind Sum

Proof of Lem 8.10 (further cont'd)

e Then,
f(n)z—{?}%—%—% (from Chap 1)
—n 1 1 n 1 1
= ((T ) 3000 = 55~ ((5) + 300 - 35
1 b—1 g1 b1 gl
g(n)—ggl_&a—gkﬂl_&
-1 1 1
() e
a'n 1
(55) 2
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Rademacher Reciprocity for the Fourier—Dedekind Sum

Proof of Lem 8.10 (further cont'd)

]
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Rademacher Reciprocity for the Fourier—Dedekind Sum

Proof of Lem 8.10 (further cont'd)

+ % (<_>> — — + = xs(n) (Exer 8.9)
[l
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Rademacher Reciprocity for the Fourier—Dedekind Sum

Proof of Lem 8.10 (further cont'd)

= rn(a:b)
T

]
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Rademacher Reciprocity for the Fourier—Dedekind Sum

Where did we meet Dedekind—Rademacher sums?

Theorem 2.10
For the triangle 7 given by (16), where e and f are coprime,

1 1 1

LT(t):%(tr—u—v)z—l—%(tr—u—v)(g—ir?—kg)
_|_1 1+1+1>+l(f+5+i>
4 e f 12\f e ef
1 e—1 5{_;‘(vftr) 1 f—1 l(u tr)
= : I+ =
= (1—§Jef) (1 > f (1 —&f)

where u = (%ﬂ eand v = P—b] f
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Rademacher Reciprocity for the Fourier—Dedekind Sum

Where did we meet Dedekind—Rademacher sums?: Rephrasing

Theorem 2.10, rephrased
For the triangle 7 given by (16), where e and f are coprime,

1 1

1 , 1 1
L = —— — - - oy — _ = )
7(t) e (tr —u—v) + 5 (tr —u—v) (e + ; + ef)

_|_1 1_|_1_|_1 _|_l E+£+l
4 e f 12\f e ef
+ s, u(f, 1)+ s,_w(e,1; f)

where u = [2]eand v = [2] f
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Rademacher Reciprocity for the Fourier—Dedekind Sum

Where did we meet Dedekind—Rademacher sums?: Rephrasing

Theorem 2.10, rephrased
For the triangle 7 given by (16), where e and f are coprime,

1 , 1 1 1 1
i = (e S O (I
7(t) e (tr —u—v) + 5 (tr —u—v) (e + ; + ef)

+11+1+1 c (e i1
4 f 12\f e ef
+ s, u(f, 1)+ s,_w(e,1; f)

where u = [2]eand v = [2] f

Consequence of reciprocity

The Ehrhart quasipolynomial of a rational convex polygon can be
computed efficiently
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The Mordell-Pommersheim Tetrahedron

Mordell-Pommersheim tetrahedra

Mordell-Pommersheim tetrahedra

e show another type of relations of Dedekind sums with generating
functions

e historically first gave rise to the connection of Dedekind sums
and lattice-point enumeration in polytopes

e a, b, c positive integers

e Morderll-Pommersheim tetrahedron: 3-polytope w/ vertices
(0,0,0), (a,0,0), (0,b,0), and (0,0, c)

a C

o<

Let's compute the Ehrhart polynomial of P
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The Mordell-Pommersheim Tetrahedron

The lattice-point enumerator of the MP tetrahedron

e Skip the whole calculation (see Exer 8.11)
e Restrict to pairwise coprime a, b, ¢ (see Exer 8.12)

Theorem 8.11
For the Mordell-Pommersheim tetrahedron P with a, b, ¢ pairwise
coprime,

abc ; ab+ac+bc+1 ,
= 6 t” + 4 t

B 3+a+b+c+1 bc+ca+ab+ 1
4 4 12\ a b c abc

—s(bc,a)—s(ca,b)—s(ab,c))t+1 O

Thus, the Ehrhart polynomial of the Mordell-Pommersheim

tetrahedra can be computed efficiently
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Summary

Summary

Conclusion
We saw the following can be computed efficiently (by means of
reciprocity)
e Dedekind sums
e Ehrhart polynomials of the Mordell-Pommersheim tetrahedra

e Dedekind—Rademacher sums
e Ehrhart quasipolynomials of rational convex polygons
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Summary

Summary

Conclusion
We saw the following can be computed efficiently (by means of
reciprocity)
e Dedekind sums
e Ehrhart polynomials of the Mordell-Pommersheim tetrahedra
e Dedekind—Rademacher sums
e Ehrhart quasipolynomials of rational convex polygons

Question
Can we compute the Ehrhart quasipolynomial of any convex polytope
efficiently?

We try to answer the question in the next lecture
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