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Important theorems from the previous lectures

Theorem 3.8 (Ehrhart's Theorem)

P is an integral convex d-polytope =
Lp(t) is a polynomial in t of degree d

Theorem 3.23 (Ehrhart's Theorem for rational polytopes)

P is a rational convex d-polytope =
Lp(t) is a quasipolynomial in t of degree d;
Its period divides the denominator of P

Theorem 4.1 (Ehrhart—Macdonald reciprocity)
P a convex rational polytope = for any t € Z+

Lp(—t) = (=1)"™"Lps(t)
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e Quasipolynomials involve periodic functions
o Especially Fourier-Dedekind sums

@ Establish a theory for periodic functions
@® Prepare for the next chapter
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o Consider the following function with period 3

n:0,1,2,3,456,7,8,9,...
a(n):1,5,2,1,5,2,1,5,2,1,



A Motivating Example

Example 7.1

e Consider the following function with period 3

n:0,1,2,3,456,7,8,9,...
a(n):1,5,2,1,5,2,1,5,2,/1,...

e Embed this sequence into a generating function as follows

F(z) ::1—|—52+222+z3—|—524—|—225+---:Za(n)z”
n>0
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A Motivating Example

Example 7.1

e Consider the following function with period 3

n:0,1,2,3,456,7,8,9,...
a(n):1,5,2,1,5,2,1,5,2,/1,...

e Embed this sequence into a generating function as follows

F(z) ::1—|—52+222+z3—|—524—|—225+---:Za(n)z”
n>0

e Then

F(z) = 1452+22°+2% (1452+22%) +2° (14+52+22%) + - - -
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A Motivating Example

Example 7.1

e Consider the following function with period 3

n:0,1,2,3,456,7,8,9,...
a(n):1,5,2,1,5,2,1,5,2,/1,...

e Embed this sequence into a generating function as follows

F(z) ::1—|—52+222+z3—|—524—|—225+---:Za(n)z”
n>0

e Then
F(z) = 1452422242 (1452+22%) +2° (1452422°) + - --

= (l—|—52—|—2z2) Zz3k

k>0
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A Motivating Example

Example 7.1

e Consider the following function with period 3

n:0,1,2,3,456,7,8,9,...
a(n):1,5,2,1,5,2,1,5,2,/1,...

e Embed this sequence into a generating function as follows

F(z) :=1+5z+222+ 22 +52* +22° +--. Zza(n)z”
n>0
e Then
F(z) = 1452+22°+2% (1452+22%) +2° (14+52+22%) + - - -
1+5z+ 222
= (14524277 3k — 2 T 7%
( +oz+22 )Zz T3

k>0
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A Motivating Example

Example 7.1 (cont'd)

e By the partial fraction expansion we obtain

Flz) = 13(—0)2 * 13—(1;z 1 si(zp)zz

e the constants 3(0), 3(1), 3(2) remain to be found
o« pi= e2mi/3
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A Motivating Example

Example 7.1 (cont'd)

e By the partial fraction expansion we obtain

Flz) = 13(—0)2 + 13—(132 "1 2:(2/))22

e the constants 3(0), 3(1), 3(2) remain to be found

o« pi= e2mi/3
e Then
F(z) =3(0)) 2" +a(1) Y (p2)" +2(2) Y (v°2)"
n>0 n>0 n>0
Y. Okamoto (Tokyo Tech) DMCS'09 (8) 2009-06-18
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A Motivating Example

Example 7.1 (cont'd)

e By the partial fraction expansion we obtain

Flz) = 13(—0)2 + 13—(132 "1 2:(2/))22

e the constants 3(0), 3(1), 3(2) remain to be found

o pi= e2mi/3
e Then
F(z) =3(0)) 2" +35(1)) (p2)"+3(2) ) (p°2)"
= (3(0) + &(1)p" + 3(2)p>") 2"

We've derived the finite Fourier series of our sequence a(n)!
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A Motivating Example

Example 7.1 (further cont'd)

e To obtain 3(0),a(1), 3(2), we use the identify for all z € C
1+45z+422° = ()(1 pz) (1—p°z) +3(1) (1 — z) (1 — p°z)
+3(2) (1 = 2) (1 - p2)
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A Motivating Example

Example 7.1 (further cont'd)

e To obtain 3(0),a(1), 3(2), we use the identify for all z € C

1+5z+22° =5(0)(1—pz) (1 - p°z) + 3(1) (1 — 2) (1 — p*2)

+a(2)(1-2)(1 - p2)
e By letting z = 1, p?, p, respectively, we obtain
1+5+2=233(0)
14 50% +2p* =35(1)
1+5p+2p" =33(2)
where we used the identity (1 — p)(1 — p?) = 3 (Exer 7.2)
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A Motivating Example

Example 7.1 (further cont'd)

e To obtain 3(0),a(1), 3(2), we use the identify for all z € C
1+5z+22° =5(0)(1—pz) (1 - p°z) + 3(1) (1 — 2) (1 — p*2)
+a(2)(1-2)(1—p2)
e By letting z = 1, p?, p, respectively, we obtain
1+5+2=233(0)
14 50% +2p* =35(1)
1+5p+2p" =33(2)

where we used the identity (1 — p)(1 — p?) = 3 (Exer 7.2)
e Then, we get the finite Fourier series for our sequence

8 4 i 1 N
a(n):§+<—§—p>p —l—(—§+p>p2 O

Y. Okamoto (Tokyo Tech) DMCS'09 (8) 2009-06-18 8 /41



- Finite Fourier Series for Periodic Functionsonz
® A Motivating Example

® Finite Fourier Series for Periodic Functions on Z

© The Finite Fourier Transform and Its Properties

O The Parseval ldentity

® The Convolution of Finite Fourier Series
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e {a(n)}>2, any periodic sequence on Z of period b
e Throughout the chapter, we fix £ :== e

2mi/b
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Finite Fourier Series for Periodic Functions on Z

Toward the general theory (1)

e {a(n)}52, any periodic sequence on Z of period b
e Throughout the chapter, we fix & := e27//b

e Embed {a(n)}5°, into a generating function
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Finite Fourier Series for Periodic Functions on Z

Toward the general theory (1)

e {a(n)}52, any periodic sequence on Z of period b
e Throughout the chapter, we fix £ := e*™//b
e Embed {a(n)}5°, into a generating function
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Finite Fourier Series for Periodic Functions on Z

Toward the general theory (1)

e {a(n)}52, any periodic sequence on Z of period b

e Throughout the chapter, we fix & := e27//b

e Embed {a(n)}5°, into a generating function

o We get

F(z) = ( a(k)zk>+< Y a(k)zk) ,b +< - a(k)zk> b

f;(l) a(k) z¥
1—2zb
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Finite Fourier Series for Periodic Functions on Z

Toward the general theory (1)

e {a(n)}52, any periodic sequence on Z of period b

e Throughout the chapter, we fix & := e27//b

e Embed {a(n)}5°, into a generating function

_ 2uk=0 ,
1—2zb 1 — zb
b-1
where the last step simply defines P(z) := ", _; a(k) z*
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o By partial fraction expansion, we get
b—1
P
Fz) = &) _

a(m)

1 zb_mzol—gmz
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Finite Fourier Series for Periodic Functions on Z

Toward the general theory (2)

e By partial fraction expansion, we get

I\

3
F(Z):l—zb Zl—f’”z

b—1
_ Z_:O Zémn n

n>0
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Finite Fourier Series for Periodic Functions on Z

Toward the general theory (2)

e By partial fraction expansion, we get

I\

3
F(Z):l—zb Zl—f’”z

Yo am e =3 (S amem ) 2

n>0 n>0 \m=0
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Finite Fourier Series for Periodic Functions on Z

Toward the general theory (2)

e By partial fraction expansion, we get

F(z) = =
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Finite Fourier Series for Periodic Functions on Z

Toward the general theory (3): Computing the Fourier coefficients

e We have

e It follows P(£~") = ba(n) since

1
m—n#0mod b= |lim —— =0
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Finite Fourier Series for Periodic Functions on Z

Toward the general theory (3): Computing the Fourier coefficients

e We have

e It follows P(£~") = ba(n) since

2£0mod b= i -2
m—n mo im —— =
z—>§*"1—§mZ
1— b b—1
m—n=0mod b= Ilim =z lim bz

z—En 1— fmZ z—EN é‘m
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Finite Fourier Series for Periodic Functions on Z

Toward the general theory (3): Computing the Fourier coefficients

e We have - _—
P(z) = ;Oa(m)m
e It follows P(£~") = ba(n) since
1—-2z2°
m— n;‘éOmodb:>z£r£nn1_§mZ =0
m—n=0mod b= lim 1_—Zb = lim bz"! =b&""M=0b

z—En 1— fmZ z—EN é‘m
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Finite Fourier Series for Periodic Functions on Z

Toward the general theory (3): Computing the Fourier coefficients

e We have -
— 1—2z°
P(z) = 3
@)= amy
e It follows P(£~") = ba(n) since
1— b
m—n;‘éOmodb:>Z£r£nn1_;nZ ~0
1— b b—1
m—n=0mod b= lim 2 — lim bz =b&""M=0b

z—En 1— fmZ z—EN fm

e Therefore
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Finite Fourier Series for Periodic Functions on Z

Toward the general theory (3): Computing the Fourier coefficients

e We have -
— 1—2z°
P(z) = 3
@)= amy
e It follows P(£~") = ba(n) since
1— b
m—n;éOmodb:>Z£r§nn1_;nZ ~0
1— b b—1
m—n=0mod b= lim 2 — lim bz =b&""M=0b

z—En 1— ng z—EN é‘m

e Therefore

T

1

a(n) = HP(E ") = Do alk) ¢

>
Il
o
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Finite Fourier Series for Periodic Functions on Z

Main theorem (and Definition)

Theorem 7.2

a(n) any periodic function on Z with period b =

with & = 2mi/b

In this way, we obtain the general term of a periodic function

Y. Okamoto (Tokyo Tech) DMCS'09 (8) 2009-06-18
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Finite Fourier Series for Periodic Functions on Z

Matrix view of the finite Fourier series

The Fourier transform can be rephrased with a matrix:

a(0) 1 1 1

a(1) 1 ¢ £2

a2) | =1 & ¢
a(b_]_) 1 gbfl §2(b71)

Y. Okamoto (Tokyo Tech) DMCS'09 (8)
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Finite Fourier Series for Periodic Functions on Z

Example: Sawtooth functions

Definition (Sawtooth function)

The sawtooth function ((+)) : R — R is defined as

_ -3 ifx¢z,
()= {o ifx €7

AY

Remark: ((x)) is a periodic function with period 1

Y. Okamoto (Tokyo Tech) DMCS'09 (8) 2009-06-18
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Finite Fourier Series for Periodic Functions on Z

The finite Fourier series of sawtooth functions

Lemma 7.3

The finite Fourier series for the discrete sawtooth function ((lﬁ))) a

periodic function of a € Z with period b, is given by

() -mrise

Y. Okamoto (Tokyo Tech) DMCS'09 (8)
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Finite Fourier Series for Periodic Functions on Z

The finite Fourier series of sawtooth functions

Lemma 7.3

The finite Fourier series for the discrete sawtooth function ((%)) a
periodic function of a € Z with period b, is given by

Reminder
. : Cos x
The cotangent of x is defined by cot x = —
sin x
2mix
e |t follows T ook = i cot(mx)

Y. Okamoto (Tokyo Tech) DMCS'09 (8) 2009-06-18 16 / 41






Finite Fourier Series for Periodic Functions on Z

Proof of Lemma 7.3

Y. Okamoto (Tokyo Tech)

DMCS'09 (8)
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0
(Thm 7.2)

S| =

3
Il

(Exer 7.14)
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Finite Fourier Series for Periodic Functions on Z

Proof of Lemma 7.3

< () =T ataer ez = (7)) e

. "~ (Thm 7.2)
"= % <<%>> =0 (Exer 7.14)
e When k 7£m60

[]
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Finite Fourier Series for Periodic Functions on Z

Proof of Lemma 7.3

o
=

()3
=53 (7)) =0

m=0
e When kK #0

a(k) €™

1
o

M

and a(k) =

o

-1

S ()

0
(Thm 7.2)

3
Il

(Exer 7.14)

Ak_]' = m —mk __ fmk 1
ak) =35, <E__>f b2zmé "2

1

3
Il
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Finite Fourier Series for Periodic Functions on Z

Proof of Lemma 7.3

5 _b_lAk oo k_lb_l L
() - S a0 15 ()
(Thm 7.2)
1< //m
e 3(0) = 5 <<F>> =0 (Exer 7.14)
e When k %mao
A = N gt 1
3(/():[—)’”2::1 %—§>§ = bzmzﬂmf k+%
= % 1 E"gk N %) (Exer 7.5)
[l
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Finite Fourier Series for Periodic Functions on Z

Proof of Lemma 7.3

o
=

a(k) €™

- ()=

=53 (7)) =0

m=0
e When kK #0

1
o

3(k) =

ﬁM°

Il
o | c~ll—\
/’\

1
e o)

T 2b1— ¢k

—
—
+

Ax]

=

Y. Okamoto (Tokyo Tech)
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DMCS'09 (8)

o

-1

S ()

0
(Thm 7.2)

3
Il

(Exer 7.14)

<_ _ _) ffmk b2 Z mffmk
§

(Exer 7.5)

[]
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Finite Fourier Series for Periodic Functions on Z

Another example: Dedekind sums

Definition (Dedekind sum)
For any two relatively prime integers a and b > 0, the Dedekind sum

is defined by .
w0-3((3)) ()

Note: s(a, b) is a periodic fn of the variable a with period b, i.e.,
e s(a+jb,b) =s(a,b) forall j € Z
e s(a,b) = s(amod b, b)
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b-1
1 14 6h 1460
s(a, b) = E :
p=1

LY ot e 2
e H)“=1COtTcotT
Proof:
b—1
ka )
o= ((2) ()
k=0




Finite Fourier Series for Periodic Functions on Z

The finite Fourier series of Dedekind sums

Lemma 7.4

14+ &4 14 €702 Tua
4bzl—§ﬂ =" 4chot—cot—
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Finite Fourier Series for Periodic Functions on Z

The finite Fourier series of Dedekind sums

Lemma 7.4

b—
1 1—{—5” 14+&7+2 1 g Ta
s(a, b) = ——bZ

Ay T—gr T—ga 4 e T

1 B4t 14 € (3 )
T ap? 21—5#1—5”( e

pn=1 v=
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Finite Fourier Series for Periodic Functions on Z

Proof of Lemma 7.4 (cont'd)

b—1 b— L, /b1
eSS (L)
p=1 v=1

b—1
e v# —pamod b = Zék(”*“a) =0 (Exer 7.6)
k=0

Y. Okamoto (Tokyo Tech) DMCS'09 (8) 2009-06-18 20 / 41



Finite Fourier Series for Periodic Functions on Z

Proof of Lemma 7.4 (cont'd)

N LT (R
' EZ oo |2
b1
e v# —pamod b = ka(”’“) =0 (Exer 7.6)

k=0
b—1

e v=—pamod b= ) =p
k=0
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Finite Fourier Series for Periodic Functions on Z

Proof of Lemma 7.4 (cont'd)

b—1 b— L, /b1
eSS (L)
p=1 v=1

k=0
b—
e v# —pamod b= ng vtua) — (Exer 7.6)
k=0
b—1
e v=—pamod b= ) =p
k=0
. Zl+§“1+£ n
T ApLa1_gnl— g
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Finite Fourier Series for Periodic Functions on Z

Proof of Lemma 7.4 (cont'd)

b—1 b— L, /b1
eSS (L)
p=1 v=1

k=0
b—
e v# —pamod b = ka i) = (Exer 7.6)
k=0
b1
e v=—pamod b= ng(”’“):b
k=0
0 ~pa
4b Tl g
2 bt o
e s(a,b) 4chot—cot b

Y. Okamoto (Tokyo Tech) DMCS'09 (8) 2009-06-18

20 / 41



Finite Fourier Series for Periodic Functions on Z

Proof of Lemma 7.4 (cont'd)

1+ 1+¢
® g; gﬂl_éy

b—
v# —pamod b = ng vna) —

[ ]
k=0
b—1
o v=—pa modb;»zwwa):b
k=0
3 —pa
4b —1—gr1—¢
2 24 —mpa
°s(a’b)_E;COt7ﬂCOt bM =

Y. Okamoto (Tokyo Tech) DMCS'09 (8)
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- TheFinite Fourier Transform and lts Properties
® A Motivating Example

® Finite Fourier Series for Periodic Functions on Z

© The Finite Fourier Transform and Its Properties

O The Parseval ldentity

® The Convolution of Finite Fourier Series
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e f a given periodic function f on Z with period b
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The Finite Fourier Transform and Its Properties

The Fourier transform

e f a given periodic function f on Z with period b
e f has a finite Fourier series, with coeff’s £(0), f(1),...,f(b—1)
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The Finite Fourier Transform and Its Properties

The Fourier transform

e f a given periodic function f on Z with period b
e f has a finite Fourier series, with coeff’s £(0), f(1),...,f(b—1)
e f regarded as a function on the finite set G = {0,1,2,...,b—1}
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The Finite Fourier Transform and Its Properties

The Fourier transform

e f a given periodic function f on Z with period b
f has a finite Fourier series, with coeff's £(0), 7(1),...,7(b— 1)

[ ]
e f regarded as a function on the finite set G = {0,1,2,...,b—1}
e V; := the vect space of all complex-valued fn's on G
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The Finite Fourier Transform and Its Properties

The Fourier transform

e f a given periodic function f on Z with period b

e f has a finite Fourier series, with coeff’s £(0), f(1),...,f(b—1)
e f regarded as a function on the finite set G = {0,1,2,...,b—1}
e V; := the vect space of all complex-valued fn's on G

e (Or, Vi := the vect space of all periodic fns on Z with period b)
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The Finite Fourier Transform and Its Properties

The Fourier transform

e f a given periodic function f on Z with period b

f has a finite Fourier series, with coeff's £(0), 7(1),...,7(b— 1)
f regarded as a function on the finite set G = {0,1,2,...,b—1}
Vi := the vect space of all complex-valued fn's on G

(Or, Vi := the vect space of all periodic fns on Z with period b)

Definition (Fourier transform)

The Fourier transform of f, denoted by F(f), is the periodic function
on 7Z defined by the sequence of uniquely determined values

7(0), f(1), ..., F(b—1);

Thus F(f)(m) = f(m)
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The Finite Fourier Transform and Its Properties

The Fourier transform

e f a given periodic function f on Z with period b

f has a finite Fourier series, with coeff's £(0), 7(1),...,7(b— 1)
f regarded as a function on the finite set G = {0,1,2,...,b—1}
Vi := the vect space of all complex-valued fn's on G

(Or, Vi := the vect space of all periodic fns on Z with period b)

Definition (Fourier transform)

The Fourier transform of f, denoted by F(f), is the periodic function
on 7Z defined by the sequence of uniquely determined values

7(0), f(1), ..., F(b—1);

Thus F(f)(m) = f(m)

Remark: F(f) is a linear transformation on V; (Thm_7.2)
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e Observation: dim V; = b
«Or «Fr o« > < > Q>
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The Finite Fourier Transform and Its Properties

A basis of Vg

e Observation: dim Vg = b

e In fact, the following functions form a basis of V; (Exer 7.7)

1 if x = m+ kb, for some integer k,
Im(x) =

0 otherwise
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e For any fixed integer a

the roots of unity {e,(x) := €>™®/®: x € Z} can be
thought of as a single function e, € V¢

«O> «F>r «=» «E» Q>



The Finite Fourier Transform and Its Properties

Another basis of Vg

e For any fixed integer a
the roots of unity {e,(x) := e>™@/>: x € Z} can be
thought of as a single function e, € V¢
e The functions {e1,...,e,} give a basis of V¢ (Thm 7.2)
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The Finite Fourier Transform and Its Properties

Another basis of Vg

e For any fixed integer a
the roots of unity {e,(x) := e>™@/>: x € Z} can be
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The Finite Fourier Transform and Its Properties

Another basis of Vg

e For any fixed integer a
the roots of unity {e,(x) := e2™®/?: x € Z} can be
thought of as a single function e, € V¢
e The functions {e1,...,e,} give a basis of V¢ (Thm 7.2)

e The relation of these two bases:
o 1 —2mian
5a(”):Be 2 a/b’

since

1< 1
= E k) g kn — —an _ 727r/an/b
b (k)¢ 5 b€

e Conclusion: the finite Fourier transform is the basis transform
from the first to the second

Y. Okamoto (Tokyo Tech) DMCS'09 (8) 2009-06-18 24 / 41



b—1

o Define the inner product of two functions f, g € V¢ as

k=0

(f.g) =2 f(k)g(k)



The Finite Fourier Transform and Its Properties

Inner products on Vg

e Define the inner product of two functions f, g € V¢ as

b1
(f.g) =D _f(Kk)g(k)
k=0
e It is actually an inner product (Exer 7.8)
@ (f,f) >0, with equality if and only if f =0

@ (f.g)=(g.f)
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The Finite Fourier Transform and Its Properties

Inner products on Vg

e Define the inner product of two functions f, g € V¢ as

b1
(f.g) =D _f(Kk)g(k)
k=0
e It is actually an inner product (Exer 7.8)
@ (f,f) >0, with equality if and only if f =0

0 (f.g) =(g.f)
e Define the distance of two functions f, g € Vi as

d(f,g)=(f—g,f—g)
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if b (a—c),

otherwise




%<ea,ec>:5a(c): {1 if b|(a—c),

0

otherwise
Proof: Just compute

b—1

<eaa ec> = Z ea(m) ec(m)

m=0

e27ri(a—c)m/b

DA

u]
v
a
a
it
v
a
it
v



%(ea,ed = f5(c) = {1 b (a_o)

0 OtherWiSe
Proof: Just compute
b—1 B
<eaa ec> = Z ea(m) ec(m) = e27rl(a_c)m/b
e b|(a—c)=eachterm =1

u]
v
a
a
nt
v
a
it
v

Q>



The Finite Fourier Transform and Its Properties

Orthogonality relations

Lemma 7.5 (Orthogonality relations)

1 ifb|(a—c),

1
—(€as,€c) = 53 c)= .
b< ) (c) 0 otherwise

Proof: Just compute

b-1 b-1
<eaa ec> — Z ea(m) ec(m) = e27ri(a—c)m/b
m=0 m=0

e b|(a—c)= eachterm =1
o bf(a—c)= e*m@=<)/bis 3 nontrivial root of unity

]
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The Finite Fourier Transform and Its Properties

Orthogonality relations

Lemma 7.5 (Orthogonality relations)

1 1 ifb|(a—c),
—(€as,€c) = 5a — .
b< ) () 0 otherwise

Proof: Just compute

b-1 b-1
<eaa ec) — Z ea(m) ec(m) = e27ri(a—c)m/b
m=0 m=0

e b|(a—c)= eachterm =1
e bf(a—c)= e¥m@=<)/bis 3 nontrivial root of unity,

and then -
b—1 2mi(a—c

2wi(a—c)m eb b —_ 1

b e —
€ 2mi(a—c)

m=0 e b -1
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The Finite Fourier Transform and Its Properties

Orthogonality relations

Lemma 7.5 (Orthogonality relations)

1 1 ifb|(a—c),
—(€as,€c) = 5a — .
b< ) () 0 otherwise

Proof: Just compute

b-1 b-1
<eaa ec) — Z ea(m) ec(m) = e27ri(a—c)m/b
m=0 m=0

e b|(a—c)= eachterm =1
e bf(a—c)= e¥m@=<)/bis 3 nontrivial root of unity,

and then -
b—1 2mi(a—c
2wi(a—c)m eb b —_ 1
e bt =——=0
2mi(a—c)
m=0 e b -1
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CBampers
e Consider
oo ((5)

We'll use it in Example 7.9



The Finite Fourier Transform and Its Properties

Example 7.6

e Consider

- () {1

e From the proof of Lemma 7.3, we have

- 114¢n
B(”)_2b1t§n

for n #0, and §(O) =0
We'll use it in Example 7.9

Y. Okamoto (Tokyo Tech) DMCS'09 (8)
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For all f € V,




For all f € V,
Proof

(FF) = b(F, )
. em(X) - 6271"'mx/b = §mx

(by def)



For all f € Vg,

Proof:

(F.F) = b(F )

) em(X) - eZﬂ-imX/b — gmx
° By Thm 7.2

o

P(x) =

-1

o |

3
I

(by def)
f(m) f_mx

0



For all f € Vg,

Proof:

(F.F) = b(F )

) em(X) - eZﬂ-imX/b — gmx
° By Thm 7.2

(by def)



a
v
a
v
a
it
v
it
Tl

DA



The Parseval Identity

Proof of Parseval indentity (cont'd)

]
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The Parseval Identity

Proof of Parseval indentity (cont'd)

<?,?>:<% " f(m)e. %Zf(n)e_,,> (Thm 7.2)
= LY Amen(R) Y Fln)e(h)
k=0 m=0 n=0
- %m_o > £(m) F(7) (ems €n)

]
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The Parseval Identity

Proof of Parseval indentity (cont'd)

(?,?):<%b:f(m)ﬁ, %:f(n)e_n> (Thm 7.2)
_ blzm f(m) en(®) Fn)en(k)
_ blmz F(m) (1) (e €0)
_ %r: : £(m) (1) Om(n) (Orthogonality)

]
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The Parseval Identity

Proof of Parseval indentity (cont'd)

7 F) = < ! f(m)en %bzéf(n)e_n > (Thm 7.2)
_ blzm f(m)onh) (n) e (k)
_ blmz F(m) (1) (e €0)
_ %: b:: £(m) (1) Om(n) (Orthogonality)
- %g}f =
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The Parseval Identity

Example 7.9: Reprove Lemma 7.4

Definition (Dedekind sum (recap))

For any two relatively prime integers a and b > 0, the Dedekind sum

is defined by

S (@) (4)

Lemma 7.4 (recap)

For any two relatively prime integers a and b > 0,

Zl+§“ N 1§cotﬂucotﬂua
" 4b 1—5“1—5”3_4b_ b b
Another proof: Based on Parseval identity
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The Parseval Identity

Example 7.9: The Fourier transforms

o Let f(k) = ((£)) and g(k) = ((2))
(n) = ﬁ cot 7r_bn

e By Lem 7.3, (( >> 2.chot

>

Y. Okamoto (Tokyo Tech) DMCS'09 (8)

mka

(Example 7.6)
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The Parseval Identity

Example 7.9: The Fourier transforms

o Let f(k) = ((£)) and g(k) = ((2))

(n) = ﬁ cot 7r_bn (Example 7.6)

e By Lem 7.3, (< >) 2chot gmha

e By Exercise 1.9

Z COt é-mka . Z cot Tma ma_lka

>
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The Parseval Identity

Example 7.9: The Fourier transforms

o Let f(k) = ((£)) and g(k) = ((2))

(n) = ﬁ cot 7r_bn (Example 7.6)

e By Lem 7.3, (< >) 2chot gmha

e By Exercise 1.9

>

b—1

-1
mma -1 m™ma
COt mka __ cot ma ka — cot mk
Z 5t Z > cot—p—¢

m=1
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The Parseval Identity

Example 7.9: The Fourier transforms

o Let f(k) = ((£)) and g(k) = ((2))

o f(n) = ﬁ Cot7r_bn (Example 7.6)

/ mka
By Lem 7.3, (< )) 2chot

By Exercise 1.9

b—1

-1
mma -1 m™ma
COt mka __ cot ma ka — cot mk
Z 5t Z > cot—p—¢

m=1

- -1
Therefore g(n) = j} cot an
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Then, by Parseval identity,
b-1
s(a, b) == Z

> ((6) ((3)

b



The Parseval Identity

Example 7.9: The Fourier series of Dedekind sums

Then, by Parseval identity,

-£(E)(E)
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The Parseval Identity

Example 7.9: The Fourier series of Dedekind sums

Then, by Parseval identity,
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The Parseval Identity

Example 7.9: The Fourier series of Dedekind sums

Then, by Parseval identity,

o0 -E() (%)
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- TheConvolution of Finite Fourier Series
® A Motivating Example

® Finite Fourier Series for Periodic Functions on Z

© The Finite Fourier Transform and Its Properties

O The Parseval ldentity

@ The Convolution of Finite Fourier Series
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convolution is

For any complex-valued periodic functions f, g with period b, the

m=0

(Feg)(t) = 3 F(t — m)g(m)




The Convolution of Finite Fourier Series

The convolution of two periodic functions

Definition (Convolution)

For any complex-valued periodic functions f, g with period b, the
convolution is

|
-
—~
~
|
~—
o
—~
3
~

(f + g)(t)

Theorem 7.10 (Convolution theorem for finite Fourier series)

= Zak ¢k and g(t = ch £Xt where ¢ = e?mi/b

T
I

= (f*g)(t) = akafkt

o | =
x
i
o

Y. Okamoto (Tokyo Tech) DMCS'09 (8) 2009-06-18
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Zf(t_m)g bZZ

(o) (e



The Convolution of Finite Fourier Series

Proof of Theorem 7.10

b-1 y bl /b1 b—1
f(t —m)g(m) = ) ay £KE=m) Z &
m=0 m=0 \ k=0 =0
, b-1b1 b-1
_ ? Z aKC) 5kt+(lfk)m
k=0 =0 m=0
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The Convolution of Finite Fourier Series

Proof of Theorem 7.10

b—1

| be1 /b1 b-1
f(t—m)g(m) = 7 ak §k(t_m)) (Z ¢ flm)

m=0 m=0 \ k=0 1=0
1 b—1 b—1 b—1
= akc £kt+(lk)m>
b k=0 /=0 m=0
Note
b—1
o I£k=> M=o (Exer 7.6)
m=0
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The Convolution of Finite Fourier Series

Proof of Theorem 7.10

| be1 /b1 b-1
f(t—m)g(m) = 7 ak §k(t_m)) (Z ¢ flm)

m=0 m=0 \ k=0 1=0
1 b—1 b—1 b—1
= akc £kt+(lk)m>
b k=0 /=0 m=0
Note
b—1
o I£k=> M=o (Exer 7.6)
m=0

b:1
o l=k=> Hm=p
m=0
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The Convolution of Finite Fourier Series

Proof of Theorem 7.10

b—1 == b-1
f(t —m)g(m) = ) a §k(t_m)) (Z C flm)

m=0 m=0 k=0 /=0
1 b—1 b—1 b—1
= akc £kt+(lk)m>
b k=0 I=0 m=0
b—1
1 kt
=— > acl
b k=0
Note
b—1
o I£k=> M=o (Exer 7.6)
m=0
b—1
o l=k=> Hm=p O
m=0
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Brone

Zcot <7Tk) o

)(b—2)

3




Proof: Use the convolution

3

Zt (w_bk) _(b-1(b-2)

138 1k
o Let f(t) =g(t) = 5 ) cot - gkt
k=1

v
a
v
a
it
v
a

it
v

DA




Prove

Z 2 (wk) _(b-1)(b-2)

3
Proof: Use the convolutlon

Tk
o Let £(t) = g(t) = chotTﬁkt
e Then (f*g)(t

Z 27Tk

k

DA

u]
v
a
a
it
v
a

it
v



The Convolution of Finite Fourier Series

Example 7.11

Goal
Prove

Proof: Use the convolution

o Let f(t) Zcot—ﬁkt
b1
1 k
e Then (f x g)(t) EZcotz%fkt
k=1
b1

mk
cot — &K somewhere before?

Y. Okamoto (Tokyo Tech) DMCS'09 (8) 2009-06-18

38 /41



_
e Bylem 7.3 (( )) 2'bzc0t

wa

a
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v
a
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v
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e By Lem 7.3 ( )

NII\) N——

g Il
c~|‘
x- o
e
-2

Iy

x

o (1) =g(t) =



The Convolution of Finite Fourier Series

Example 7.11 (cont'd)

b—1
i 7k
e By Lem 7.3 2bk2_1cotb§

2

(e = a3 (<t_bm)) ((3)) (by def)
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The Convolution of Finite Fourier Series

Example 7.11 (cont'd)
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The Convolution of Finite Fourier Series

Example 7.11 (cont'd)

e Hence m=1
b-1 .
E e
—4b b-1 ((t — m)) ((ﬂ)) _ b—1 . » .
m=1 b b L b
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e Setting t = 0, we get

&1/ —m m 1 , Tk
‘“’%((T)) (5) =27
<o B <Er <zr T HACG



The Convolution of Finite Fourier Series

Example 7.11 (further cont'd)

e Setting t = 0, we get

o3 () () - Lot

e Furthermore

lopy

]
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The Convolution of Finite Fourier Series

Example 7.11 (further cont'd)

e Setting t = 0, we get

o3 () () - Lot

e Furthermore

lopy
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The Convolution of Finite Fourier Series

Example 7.11 (further cont'd)

e Setting t = 0, we get

S () () - S

e Furthermore
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The Convolution of Finite Fourier Series

Example 7.11 (further cont'd)

e Setting t = 0, we get

o3 () () - Lot

e Furthermore

lopy

~03-({5)-3)
o5 (5-3)
_ (b—1)3(b—2) -
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e Quasipolynomials involve periodic functions
o Especially Fourier-Dedekind sums

@ Establish a theory for periodic functions
@® Prepare for the next chapter
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