There will be NO examination. Your grade will evalu-
ated only by your answers to exercises (and optionally
submitted report).

Suggested textbooks on quantum information:
Michael A. Nielsen and Isaac L. Chuang, “Quantum
Computation and Quantum Information,” ISBN:
0521635039.
Jo0:00o00o0ouooooooilocgodgo,
ISBN: 4274200094, 4274200086, 4274200094

Answers of the previous exercises will be explained.
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Minimal explanation of quantum mechanics

Today I will introduce the mathematical model of the
quantum theory. It does not include Schrodinger’s

equation.

Schrodinger’s equation is almost always explained in
a course on quantum physics. I do not explain that.
Schrodinger’s equation is required when one wants to
know the state of a quantum system as a function of
time. We do not have to know it.
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State of a quantum system

Quantum system: whatever physical phenomenon.
E.g. photon polarization.

The state of a quantum system is represented by a
complex vector of length (norm) 1 in a complex linear

space.

The dimension of the linear space associated with a
quantum system is usually infinite dimensional.
Assumption: The dimension of linear space is always

finite in this course.

Notation of vectors

|©): column vector in the quantum physics
(;p|: the complex conjugate of |p).
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Example of states of photon polarization

or-4()

The direction of polarization is represented by that

of state vector.

1
7 ( \/?1> represents the circular polarization,

which means that polarization is rotating as the pho-

ton moves.
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Measurement

Measurement of a quantum system =
an action of extracting information from the system.
A Hermitian matrix represents how to measure a

quantum system.

A complex square matrix M is Hermatian if M = M*.
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Eigenvalue (O 0 0 ) and eigenspace (0 O 0O 0)

M: complex square matrix
A complex number A is said to be an eigenvalue of M
if there exists a nonzero vector ¢ such that Mv = \v.

Eigenspace belonging to A =

(@ | M = ).
(000 ADD0DOODODOD)
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Projection onto a subspace

V. linear space
W: subspace of V
W+: orthogonal complement of W in V

Py . projection onto W
Any ¢ can written uniquely as

U = Wi + W
with w; € W and W, € W+.

How to compute the matrix representation of Py, 7

1. Find an orthonormal basis {|¢1), ..., |[¢¥n)} (OO
0000) of W.
2.

Py = |tn) @] 4 4 [thm) (P (1)
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Spectral decomposition

M: Hermitian matrix

Ai: i-th eigenvalue of M (\; # \;)
W;: eigenspace belonging to A;
P;: projection onto W;.

M =3 \P,

The above decomposition is called the spectral de-

composition of M.

How to compute spectral decomposition

1. Compute all eigenvalues.

2. For each eigenspace W;, find an orthonormal basis
{1vin), -, W)} (OO ODOODO) of Wj.

3. P; is given by

Py = |[tu) (Wi.
=1
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Measurement

‘H: linear space associated with a quantum system
Measurement is described by an observable A, which
is a Hermitian matrix on H.

Results of measuring the observable A = eigenvalues
of A.

We cannot predict which measurement outcome is ob-
tained before the measurement, e.g. the measurement
of polarization. But we can calculate the probability

of a measurement outcome.
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Probability of getting a measurement outcome

The quantum system is in state |).
Measuring an observable A.
A, ..., A eigenvalues of A.

A=MP +---+ N\, P,.

The probability of getting A\; as the measurement out-

come —

|2l (2)

a: complex number with |a| =1

Since |p) and aly) give the same probability distri-
bution of the measurement outcomes, they are phys-
ically indistinguishable. |p) and a|p) represent the

same quantum state.
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Example of an observable

#=(o &) =)

Since Z* = Z, it is Hermitian.

eigenvalue eigenvector projector

o () meloo)
o (4) e ()

The spectral decomposition of Z:

Z:+1-<é 8>+(—1)-<8 (1)>

Pilp) = |p), Palp) = 0.

Probability of getting +1 as the measurement out-

come 1s 1.
Probability of getting —1 as the measurement out-

come 1s 0.

If polarization is represented as in p. 2-8, Z represents
the measurement by the slit O (or O ).
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State after nondestructive measurement

Quantum state is changed by nondestructive mea-
surement.
Measuring an observable A of a system with state |)

nondestructively
A=MP+---+ N\, P,
After getting a measurement outcome \;, the state

Pile)

1Pl

become
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Example of nondestructive measurement

z=(g 5 )= {5 )l 4 pp =1
HE

1
is equivalent to ( 0 ), which represents the [0 po-

Pp) . 0
IPalo)] ( b/|b] )

0
is equivalent to ( | ), which represents the [J polar-

larization

1zation.

Above equations says that after measuring whether
the polarization is [ or [, polarization becomes []
or J according to the measurement outcome.
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Exercises

Submit your answer to the box in front of Room 311,

S3 building, by 17:00 Thursday, if you don’t finish by

12:10.
(Vo) o= (0)

For Japanese students: U OO0 O 0O0OO0O0OOO0OO
Oooo

1. Is X a Hermitian matrix? (X 0000000
0o0o)

2. Compute the spectral decomposition of X. (X [
O0D0OO0DOO0DOOooOoog)

3. Suppose that one measures the observable X of
the system with state |p). For each measurement
outcome, compute its probability and the state after
getting the outcome. (00O |p) OODOO0O000O X
Jooooooououoooooooouooon
OJo0o000oo0ooooooooooooooood
00)

4. If photon polarization is represented as page 2-8,
which polarizations are measured by X7 (O 0O 0O O
O0280000000000000000O000O00 X
00000000 bOOoDoooooon)
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The following exercise requires deep understanding of
linear algebra taught at the first year of undergradu-
ate. (0DO0DO0O0ODOODOODOODOODOOODOOOO

O00D00D00D0O0) You can get the grade evaluation
100 even if you give wrong answers to optional exere-
cises, but please try to answer them. (optional O [

Jdoddoooooooiloooooobooooan

O000DOO0DOO0DOOooOoog)

5. (Optional) Prove

> I1Plo)" =1,
j=1

where P; and |p) are as defined in Eq. (2). (P, O
o) 00 (2)000000000000000O000O0O
000)

6 (Optional). Prove that Eq. (1) is the projection
onto W in the sense of page 2-11. Hint: You have
to prove that Py () belongs to W and v — Py (¥)
belongs to W+ for all ¢ € V. (0D 00O (1)0 2-11
Juoduootdobodoodotdodododgdod
00000000000 ¢eVO0000PRy(@)0
WOoOOOd— Py(d)0 WOoDoOoOoOoOooooO0o
HREREREREEN

7 (Optional). Write comments on this lecture. If your
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answers to the previous exercises were evaluated as
incorrect, please indicate whether or not you agree to
that evaluation. (000000000000 0O0OO0O
O000000O0x00000000000x OO0
OO00o000oO0o0bOooobOooooooon)
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