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Typical equation: Poisson EquationTypical equation: Poisson Equation ρ=φΔ

d 2φ
ρ=

∂ φ ∂ φ
ρ

2 2

+ = ρ=
φ∂

+
φ∂

+
φ∂ 222

dx2 ρ=
∂ ∂

ρ2 2x y
+ = ρ=

∂
+

∂
+

∂ 222 zyx

Very important equation in science and engineeringVery important equation in science and engineering

■ Maxwell’s Equation for Scalar Potential

■ Incompressible Navier-Stokes Equation

1
■ Steady State of Diffusion (Thermal Conduction) Equation

P i E tiP i E tiPoisson EquationPoisson Equation
11--dimensional case:dimensional case:
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P i E tiP i E tiPoisson EquationPoisson Equation
N x N linear coupling equationsN x N linear coupling equations
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P i E tiP i E tiPoisson EquationPoisson Equation
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Gauss Elimination Method is not available, because Gauss Elimination Method is not available, because 
the matrix size is too large.the matrix size is too large.

4Sparse Matrix:Sparse Matrix:

the matrix size is too large.the matrix size is too large.



33 D P i E tiD P i E ti33--D Poisson EquationD Poisson Equation
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For example,  For example,  NNxx x x NNyy x x NNzz = 100x100x100= 100x100x100
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xx yy zz
Double precision 8 byte x (1000000)Double precision 8 byte x (1000000)22 = 8x10= 8x1012 12 = 8 TB= 8 TB

c.f.  c.f.  TSUBAME TSUBAME : : 20TB20TB

M t i S lM t i S lMatrix SolverMatrix Solver
Relaxation Method:Relaxation Method:
・・PointPoint JacobiJacobi
・・GaussGauss--SeidelSeidel
SORSOR・・SORSOR

・・ICCGICCG (Incomplete(Incomplete ConjugateConjugate GradientGradient)
・・ILUCRILUCR (Incomplete(Incomplete LULU ConjugateConjugate Residual)Residual)・・ILUCRILUCR (Incomplete(Incomplete LULU ConjugateConjugate Residual)Residual)
・・BiCGStabBiCGStab (Bi(Bi--conjugateconjugate ConjugateConjugate GradientGradient Stabilize)Stabilize)

■■ Advantage :    Advantage :    Memory and CPU timeMemory and CPU time
■■ DisadvantageDisadvantage :: NoNo guaranteeguarantee toto bebe solvedsolved
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limitedlimited typestypes ofof matrixmatrix

P i t J bi M th dP i t J bi M th dPoint Jacobi MethodPoint Jacobi Method
Expecting iterative convergence:Expecting iterative convergence:
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The The n+1n+1--th value is calculated by the th value is calculated by the nn--th value.th value.
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If                ,         is the solution of Poisson equation.If                ,         is the solution of Poisson equation.nn
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P i t J bi M th dP i t J bi M th dPoint Jacobi MethodPoint Jacobi Method
Starting from the initial value      ,Starting from the initial value      ,0
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converged.converged.
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P i t J bi M th dP i t J bi M th dPoint Jacobi MethodPoint Jacobi Method
von Neumann’s stability analysis von Neumann’s stability analysis 
for the iterative process:for the iterative process:for the iterative process:for the iterative process:

Assuming the perturbationAssuming the perturbation xjiknn Δ⋅δφ=φ eAssuming the perturbationAssuming the perturbation j δφ=φ e

( ) kxkixkinn Δ+δφδφ Δ−Δ+ 1/1 ( ) xkee xkixkinn Δ=+=δφδφ ΔΔ+ cos
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The iteration process is stable, but slow.The iteration process is stable, but slow.
Actual stability depends on the source term.Actual stability depends on the source term.
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P i t J bi M th dP i t J bi M th dPoint Jacobi MethodPoint Jacobi Method
Introduction of the relaxation factor : Introduction of the relaxation factor : ωω
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Stability analysisStability analysis
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Small means rapid decrease of the errorSmall means rapid decrease of the error
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δφ δφn n+1 /Small                   means rapid decrease of the error.Small                   means rapid decrease of the error.δφ δφ/

ωω = 1= 1 is found to be the fastest convergence of Jacobiis found to be the fastest convergence of Jacobi
It ti th dIt ti th d
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Iteration method. Iteration method. Source CodeSource CodeSource CodeSource Code

SOR M th dSOR M th dSOR MethodSOR Method
Any faster convergence technique ?Any faster convergence technique ?

When we calculate         , if         has been calculated,  When we calculate         , if         has been calculated,  
it is better convergence to use          .it is better convergence to use          .
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This iteration method is called “GaussThis iteration method is called “Gauss--Seidel” method.Seidel” method.
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Source CodeSource CodeSource CodeSource Code

SOR M th dSOR M th dSOR MethodSOR Method
Introduction of the relaxation factor : Introduction of the relaxation factor : ωω
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The stability analysis shows that the iteration The stability analysis shows that the iteration 
process is stable forprocess is stable for 0 <0 < ω ω < 2< 2process is stable for process is stable for 0 <0 < ω ω < 2 < 2 ..
Acceleration of the iteration : Acceleration of the iteration : 1 <1 < ω ω < 2 < 2 ..

ＳＯＲＳＯＲ (Successive Over(Successive Over--relaxation) Method relaxation) Method 

12
The fastest convergence is achieved for The fastest convergence is achieved for ω ω ≈≈ 1.82 1.82 ..

www.sim.gsic.titech.ac.jp/Lecture/CFD2008/program17.tgz
www.sim.gsic.titech.ac.jp/Lecture/CFD2008/program18.tgz
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