
H b li E iH b li E iHyperbolic EquationHyperbolic Equation

22 φ∂φ∂

WaveWave equationequation (Typical(Typical hyperbolichyperbolic equation)equation)

02
2

2 =
∂
φ∂

−
∂
φ∂

x
u

t

0=φ⎟
⎠
⎞

⎜
⎝
⎛

∂
∂

+
∂
∂

⎟
⎠
⎞

⎜
⎝
⎛

∂
∂

−
∂
∂

x
u

tx
u

t
ByBy factorizingfactorizing asas

0=
φ∂

+
φ∂ u 0

∂
+

∂ x
u

t
The advection equation is the simplest hyperbolicThe advection equation is the simplest hyperbolicThe advection equation is the simplest hyperbolic The advection equation is the simplest hyperbolic 
equation.equation.

1

Advection EquationAdvection EquationAdvection Equation Advection Equation 

0=
∂
φ∂

+
∂
φ∂

x
u

t

Analytic Solution Analytic Solution ：：
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ConfirmingConfirming f f ((t,xt,x) = ) = FF((tt--ΔΔtt, , xx--uuΔΔtt)), we can understand the, we can understand the
Profile Profile FF((xx)) moves with the speed u.moves with the speed u.

● Let’s solve the advection equation 
as an initial boundary problem.
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Finite Difference MethodFinite Difference Method
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C = uΔt/Δx is calledis called CFL CFL (Courant(Courant--FriedrichFriedrich--Levy)Levy) number.number.

Numerical traveling distanceNumerical traveling distance ΔΔ
C C == Physical traveling distancePhysical traveling distance uuΔΔtt

Numerical traveling distanceNumerical traveling distance ΔΔxx
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Time and Space Cone for Time and Space Cone for pp
Information travelInformation travel
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If C > 1, the scheme does not have enough information to obtain the If C > 1, the scheme does not have enough information to obtain the 
value of the next timevalue of the next time

Requirment:Requirment:

The conditionThe condition must be statisfied.must be statisfied.1)( ≤numberCFLC 5

S l PS l P 33Sample Program Sample Program 33
#include "program1.h"
#define    N   101
int main() {

double f[N],  fn[N],  x[N],  cfl = 0.5;
i t j i t 0int j,  icnt = 0;
while(icnt < 100) {

f (j 1 j < N 1 j++) {for(j=1; j < N-1; j++) {
fn[j] = f[j] − cfl*0.5*(f[j+1] − f[j-1]);

}}
for(j=0; j < N; j++) f[j] = fn[j];     /* updating */

}
}}
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For the advection equationFor the advection equation

Stability Analysis (1/2Stability Analysis (1/2））

von Neumannvon Neumann’’s Methods Method
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For the advection equationFor the advection equation

Stability Analysis (2/2Stability Analysis (2/2））
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xkCnn Δ+=δφδφ + 221 sin1

AnalyticallyAnalytically 11 =δφδφ + nn

11 ≥δφδφ + nn

It is unstable to apply the forward difference in time andIt is unstable to apply the forward difference in time and
The above formula showsThe above formula shows

It is unstable to apply the forward difference in time and It is unstable to apply the forward difference in time and 
the center difference in space to the advection equation.the center difference in space to the advection equation.
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Lax Scheme Lax Scheme （（1/21/2））
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is replaced by the average ofis replaced by the average ofn

jφ
n
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j 1−φ

The result is expected to be diffusive.
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SSSample Program Sample Program 44
#include "program1.h"
#define    N   101
int main() {

double f[N],  fn[N],  x[N],  cfl = 0.5;
i t j i t 0int j,  icnt = 0;
while(icnt < 100) {

f (j 1 j < N 1 j++) {for(j=1; j < N-1; j++) {
fn[j] = 0.5*(f[j+1] – f[j-1])

cfl*0 5*(f[j+1] f[j 1]);- cfl*0.5*(f[j+1] - f[j-1]);
}
for(j=0; j < N; j++) f[j] = fn[j];     /* updating */(j ; j ; j ) [j] [j]; p g

}
} 10
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Lax Scheme Lax Scheme （（2/22/2））

xkiCxknn ΔΔ=δφδφ + sincos1

von Neumann’s stability analysis:von Neumann’s stability analysis:
xkiCxk Δ−Δ=δφδφ sincos

xkCxknn Δ+Δ=δφδφ + 2221 sincos xkCxk Δ+Δδφδφ sincos

It is understood that the scheme is stable for It is understood that the scheme is stable for 1≤C
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11stst order upwind schemeorder upwind scheme
Since the solution of the advection equation is the Since the solution of the advection equation is the 
profile moving with the velocity u from the upwind to profile moving with the velocity u from the upwind to p g y pp g y p
the down direction, it is natural that we apply the the down direction, it is natural that we apply the 
backward finite difference to the advection term.backward finite difference to the advection term.
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SSSample Program 5Sample Program 5
#include "program1.h"
#define    N   101
int main() {

double f[N],  fn[N],  x[N],  cfl = 0.5;
i t j i t 0int j,  icnt = 0;
while(icnt < 100) {

f (j 1 j < N 1 j++) {for(j=1; j < N-1; j++) {
fn[j] = f[j] – cfl*(f[j] − f[j-1]);

}}
for(j=0; j < N; j++) f[j] = fn[j];     /* updating */

}
}}
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11stst order upwind schemeorder upwind scheme
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Other Interpretation Other Interpretation 
Linear interpolation for the upwind regionLinear interpolation for the upwind region jj xxx ≤≤−1
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CubicCubic SemiSemi LagrangianLagrangian MethodMethodCubicCubic SemiSemi--LagrangianLagrangian MethodMethod
23Higher-order Interpolation

For upwind region,
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H itH it I t l tiI t l tiHermiteHermite InterpolationInterpolation
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