3-Direct Integ Field Eq.doc08/07/01 3-1
3. Direct Integration of the Field Equations
4 Vector equivalent theorem \%

L(Q-VXVXP—P-VxVxQ)dV:ms(PxVxQ—QxVx P)-nda (AD

Vector Algebra

V,U scalar A B vector

V(VU)=VVU +UVV

V(AX B)zAx(VxB)+Bx(VxA)+(B-V)A+(A~V)B
V-VV =V¥

V-(VA)=VV-A+AV.V
V-(AxB)=B-VxA-A-VxB

V-VxA=0

Vx(VV)=0

Vx(VA):VVxA+VV><A

VxVxA=V(V-A)-V’A
Vx(AxB)=AV-B-BV-A+(B-V)A—-(A-V)B

® Maxwell's Equations
Duality of Eand H

VxE=—-jouH-J E—->H cou
VxH=josE+J H — -E
H J->J
v.E=~ p>p P o-p
&
V- 3+ jop=0
V-3 +jop =0

VxVXE=-jou(jocE+J)-VxJ =k’>E-VxJ" - joul
VxVxH= ja)g(—ja),uH—J*)+V><J =k’H+VxJ- joed’
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Maxwell equation and Vector equivalent theorem — Direct Integration

P=E, Q=ga Vip+k*g=0 a
V’Q+k’Q=0
Maxwell equation
VxVxQ=ak’¢+V(a-Vg) " Vx(¢a)=¢Vxa+Vgxa=Vgxa
VxVxP=kE-VxJ - joul S Vx(VxQ)=V¢v-a—-av-Vg+(a-V)Ve—(Vg-)a

Vector equivalent theorem

pa-(K’E-VxJ' - joud)-E-(ak’p+V(a-Vg))
=jv—¢ a-VxJ — joupa-J-E-V(a-Vg)dv
div{E(a-Vg)} =E-V(a-Vg)+(a-V¢)V-E
IdivE(a-Vg/})dv:jE(a-V¢)-ds:IE-V(a-V¢)dv+I(a-V¢)V-Edv

jE.v(aw)dv:jE(a-w)ds—j(a-w)gdv

= I (—qﬁaonJ*—jwy¢a-J+(a-V¢)£jdv—[_ﬂ E(a-V¢)ds
v Pl S

(PxVxQ-QxVxP)-f

PxVxQ=Ex(Vxga)=Ex(¢Vxa+Vgxa)=Ex(Vgxa)=Vg-(E-a)-a-(V¢-E)
QxVxP=¢ax(—ja),uH—J*)

=(A-V¢)(E-a)—-(h-a)(Vg-E)+ joupaxH-i+gaxJ A
=a-E(AVg)-a-N(E-V¢)+ joupa-(HxA)+ga-J xA

a-(AxE)xVg

z[ﬂsa-(ﬁxE)xV¢+ joupa-(HxA)+g¢ J" xfAds

3-2
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{ PV xI — joup I+Vep= }

a (AXE)xVg+ joug(HxA)+¢ I xA+ V(A E)}d

a arbitrary
j(—¢ VxJ - jougJ +V¢£j dv
&

=[[{ joug(Hx)+(AxE)xVg+4 I xi+V(A-E)}ds

On the otherhand
[_ﬂ¢J*xﬁds=—L((¢V><J*)—J*><v¢)dv A2

o [T %V jougd+ VL dv
&

:Eﬂ{ja),u¢(Hxﬁ)+(ﬁxE)xV¢+V¢(ﬁ-E)}dS



Extraction Singularities

Definition gradient

(xy,2) p r

jds ~ 47r?

i@-AEL{MW%(HxﬁﬁﬁéﬁﬁxEyﬁ+ﬁ(ﬁEx

— 47E (X5 Yo, 2o)

1 - . P
E:EJ‘V(—JG)/J¢J—J XV¢+V¢;jdV

+iﬂl{—ja)u¢(H><ﬁ)—(ﬁxE)xV¢—V¢(ﬁ-E)}dS

note:

vgl YNNI
& —Jowg

By the way,

A= i m J—dV

V(V-A)

joeu

=V =-jop

=—joA+
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Comparing the first and second terms,

H x
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outer normal
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From the duality of £and H,

VxE=-jouH-J" U—>E Vx(-H)=—joeE-J
VxH= josE+J & U VX(E)= jou(-H)-J"
V-H=£ E> H
7
v.E=~ HoSE
&
J -3
J >-J
p—>-p
p —=p

On the other hand, from the duality

H :ij [—ja)gJ*¢+JxV¢+V¢p—jdv
4 o Y7,

+$D‘l{—ja)g¢(ﬁxE)—(ﬁx H)xVg-Vg(A-H)}ds

*

J =nxE
J=Hxn
p =—ulh-H)

Integral Expression of EM Fields

E:ij(—ja)y¢J—J*xV¢+V¢£jdv
4 &

+$Eﬁ{—ng¢(Hxﬁ)—(ﬁxE)xV¢—V¢(ﬁ-E)}ds

H =ij (—ja)gJ*¢+JxV¢+V¢p—jdv
4 oV 7

A

_,_i {—ja)8¢(ﬁxE)—(ﬁx H)XV¢—V¢(n-H)}dS

4

Compare it with 1-13.



