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1. Radiation from a dipole 波源からの放射界 

（Summary 概要 まとめ） 
Final results: 

2 2

Vector potential

Vector Helmholtz Equation

Solution (Reference  Carl T. A. Johnk)
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When only the far fields are considered( r → ∞ ), we have a TEM wave. 
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Radiation from a dipole (Derivation using potentials). 
波源からの放射（ポテンシャルによる解法） 
 

Maxwell’s equations: 
JEH +=×∇ ωεj  ① 

HE ωµj−=×∇  ② 
ρ=⋅∇ D  ③ 

Refer to: 
We have to obtain the solution E for the 
vector wave equation.波源のあるところ
では次のベクトル 
方程式の解を求めることになる。 
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JEE ωµjk −=−×∇×∇ 2  

 

From ② and 0=⋅∇ H , ②より、 0=⋅∇ H であるから 

AH ×∇=µ  ④ 

where vector potential A is introduced. 
AE ×∇−=×∇ ωj  

 
We introduce a scalar potential φ : 
( ) φω −∇=+ AE j          

φω ∇−−= AE j  ⑤ 
 
④,⑤→ ① 
We arrive at the equation for A  and φ . 

( )

( ) JAAA

JAA

µφωεµ

µφωωεµ

+∇−=∇−⋅∇∇

+∇−−=×∇×∇

jk

jj

22

 

( ) JAAA µωεµφ −⋅∇+∇=+∇ jk 22  ⑥ 
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The vector potential has the arbitrary divergence component; we can impose two kinds 
of conditions as example. 
 

Lorentz condition 
0=+⋅∇ ωεµφjA  ⑦ 
JAA µ−=+∇ 22 k  ⑧ 
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Helmholtz equation 

alternative condition  
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Inhomogeneous Vector Helmholtz equation 
JAA µ−=+∇ 22 k  ⑧ 

ヘルムホルツの波動方程式 

Solution for the scalar Helmholtz equation 
波動方程式の解 
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 Preliminary information 

2 2: 0 1[1 6]
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ψ ψ ψ⎡ ∇ + = → −

⎢ → −⎣
 

 Final Results for φ(derived later[1-7]) 

( ) ∫∫∫∫ ⎟
⎠
⎞

⎜
⎝
⎛ −=∇−∇→

⎪⎭

⎪
⎬
⎫

=+∇

−=+∇
sv

ds
nn

dv
k

qk
∂
∂φψ

∂
∂ψφφψψφ

ψψ

φφ 22
22

22

0
  (Green’s theorem) 

( )2 2

v s s

v S S

k q k dv ds
n n

qdv ds
n n

∂ψ ∂φφ ψ ψ φ φ ψ
∂ ∂

∂ψ ∂φψ φ ψ
∂ ∂

′+

′+

⎛ ⎞⎡ ⎤ ⎡ ⎤− − − − = −⎜ ⎟⎣ ⎦ ⎣ ⎦ ⎝ ⎠
⎛ ⎞= −⎜ ⎟
⎝ ⎠

∫∫∫ ∫∫

∫∫∫ ∫∫　

(integ.. for ', ' 'x y and z ) 

( )
2 2 2 2

2

: ( )

4 4

S

jka jka jkr jkr jkr jka

S S

S

ds S
n n

e e jke r e e eds ds
a n a n r r r a

ds a

∂ψ ∂φφ ψ
∂ ∂

∂φ ∂ψ ∂ψφ
∂ ∂ ∂

πφ π

′

− − − − − −

′ ′

′

⎛ ⎞ ′−⎜ ⎟
⎝ ⎠

⎛ ⎞+
≅ − = − = ⇒ =⎜ ⎟

⎝ ⎠

⇒ ⇒

∫∫

∫∫ ∫∫

∫∫

右辺 上で 　

　 　

( )

( )2 2

1 1, ,
4 4

10 4 0 ,

jkr jkr jkr

V S

e e ex y z qdv ds
r n r n r

V q r dr q r
r

∂φ ∂φ φ
π π ∂ ∂

π

− − −

−

⎧ ⎫⎛ ⎞⎪ ⎪∴ = + −⎨ ⎬⎜ ⎟
⎪ ⎪⎝ ⎠⎩ ⎭

⎛ ⎞′ → → ≤ Ο⎜ ⎟
⎝ ⎠

∫∫∫ ∫∫

∫ ∫Q Q

 

波源分布 

S 

n  

a
S’ ( )zyxq ′′′ ,,

( )zyxp ,,

r

n′

V 

の代表値上での

の代表値上での

n
S

n

S

∂
∂′

∂
∂

′

φφ
φφ

:

:



Radiation from a dipole  08/07/01   1-5 

 5

Green’s theorem    （check2） 
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The Particular Solution    （check1） 

We will indicate that Ψ is one of the solutions for 2 2 0kψ ψ∇ + = 　 
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In the solution of vector helmholtz equation, all the integration and derivatives are with 
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Linear Differential Equation  
（Interpretation of particular and homogeneous solutions） 

 
)(22 equationousInhomogenePk −=+∇ φφ                   (1) 

φ  is the solution for inhomogeneous sequation (1).  

φ0  is one of solutions for homogeneous equation 022 =+∇ φφ k  (2).  

φ + φ0  satisfy equation (1). → linear 
 

Alternative approaches for boundary value problems 
 
Approach 1 
1) Finding solution which represents contribution from source (Particular solution).  

The boundary condition is not considered there. 
2) Solution for 1) plus general solution for homogeneous eq. satisfy both source 

singularity and the boundary condition. 
Approach 2 
1) Dividing into several source-free regions. Choose general solution for homogeneous 

eq. combination of solution which satisfies each boundary condition in each region. 
2) Determining remaining constants of solution in 1) so that discontinuity 
(contribution) from source is satisfied. 
 
Example 
 
in 1-dimension                                                                (3) 
 
boundary condition  
                                                                              (4) 
 
                     arbitrary choice of two functions from 

(5) 
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2
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)()( 2
2

2
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dx
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0)(,0)( ==− ab φφ
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Approach 1  

1) We construct the particular solution by assuming  
0, 0jkx jkxDe x Ce xφ φ −= < = >  

  
 
 
 
 
 
   
 
2) Particular solution plus general solution for homogeneous eq.(5) must 

satisfy boundary condition. Arbitrary constants of general solution for 
homogeneous eq. are determined. 

 
Particular solution  / 2 0, / 2 0jkx jkxe jk x e jk xφ φ −= < = >  

 
General solution for homogeneous eq.  

 Solution for the boundary value problems. 
 

(7) 
 

(8) 
 
Boundary conditions. 
 
 
 
 A and B are determined from above two eqs.. Substitution into (7) and (8) 
gives. 
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Approach 2 
1) Dividing into several source-free regions. Choose general solution for homogeneous 

eq. combination of solution which satisfies each boundary condition in each region. 
 
 
 
 
 
 
 

2) Determining remaining constants of solution in 1) so that discontinuity 
(contribution) from source is satisfied. 

 
 
 
 

(10) 
 

 Continuity of φ at x = 0 

(11) 

 

from (10) and (11) 
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⎠
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⎛ +

−=

+
=

⎟
⎠
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φ          (12) 

Procedure 
･Find one particular solution which is independent of boundary condition. 
･Plus general solution for homogeneous eq. so that boundary condition is satisfied. 

How to decide coefficient of general solution for homogeneous eq. with out source ? 

1 1

2 2

1 1

2 2

1

2

0 ( ) 0 sin cos 0
0 ( ) 0 sin cos 0

tan
tan

.
(sin tan cos ) 0
(sin tan cos ) 0

x x b A kb B kb
x x a A ka B ka

B A kb
B A kb
general solution for homogeneous eq

A kx kb kx x
A kx ka kx x

φ
φ

φ
φ

< = − = ∴− + =
> = = ∴ + =

∴ = +
= −

∴
= + <
= − >

k
AA

kAkA
dx
d

1
0

1

12

12

−=−

→∆

−=−=
∆

∆−

φ

kaAkbA tantan 21 −=
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Alternative choice of the boundaries resulting in the identical solutions 

Example of 1-dimensional problem (一次元の問題) 

Original Problem 

continuityba

xxqkx
dx
d

φφφ

δφφ

0)()(

)()()( 2
2

2

=−=

−≅−=+
 

0 a-b ① ②  
 

2
2

2

( )

0

( )

jkx jkx

Homogeneous equation
d k e e
dx

Particular solution

ψ ψ ψ α β− ++ = = +

斉次解

特殊解

 

0
De Ce+jkx -jkx

 

2 ( ) 1ddx k dx x dx
dx

φ φ δ
+∆ +∆ +∆+∆

−∆−∆ −∆ −∆
+ = − = −∫ ∫ ∫をする。  

1

0
0

0 , ( ) ( ) 0

jkx jkx jkx

jkx jkx jkx

jkC jkD

e e De x
e e Ce x

from continuity condition at x D C a b

α β
φ

α β
φ φ

− + +

− + −

− − = −

⎧ + + <
≡ ⎨

+ + >⎩
= = = − =

 

 

(A) 

 

0 a-b c

仮想的な境界

 
 

(B) 

 
( ) ( )

( )
sin sin( )

2 2 sin ( )

jkc jk c b jk c a

c reads as
e ka e kb ec T

jk jk k a b

φ φ

φ
− − + + ++

= − =
+

ここで を計算すると

)(sin2
sinsin

2

)()(||

bakjk
ekbeka

jk
e axjkbxjkxjk

+
+

−=
+++−−

φ
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Equivalent problems (等価な新しい問題) 

 

 

 

 

 

 

 

 

 

 

 

 

(C) 
 

 

 

 

 

 

 

                     

 

 

予想通り、Cの値に依存しない。 
      Independent of the position C, as is expected. 

( )jkxjkajkxjka eeee
bakjk

kb +−− +−
+

=∴
)(sin2

sinφ                (D) 

Since x > 0  (A) -> (E)                                         Identical!!  
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+
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∴境界値 φ(c) は真の波源と同じ働きをする。 

The boundary value (c) acts as if it was the true source.
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sin sin ( )
sin ( )

sin sin
2 sin ( ) 2 sin ( )

jkc jka jka jkc

jka jka

kb e e kb e e
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α β

− + − +

+ −

= −
+

= −
+

−
=

+

−
= =
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0 ac

仮想的な境界

波源なし

等しい 
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A small dipole 微少ダイポール    （Example 計算例） 

  ∫
−

=
v

jkr

dv
r

eJA
π
µ
4

 

 

Free space 自由空間 
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( ) ( ) ( )
0

0

0
0

0

ˆ

1 (0 )
 

0 ( )

ˆ
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zI x y f z
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f z
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Il e z
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π
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−
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⎧
= ⎨
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∫
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A
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Electric fields are calculated in terms of A. 
これを用いて、電磁界は次式で計算 
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AAE

×∇=

⋅∇∇
+−=

µ

ωεµ
ω

1
j

j
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Spherical coordinate 極座標 
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r
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2
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∂
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( )

( )2

,
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1 1, ,
sin
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jkr
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z r
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Axial symmetry
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∂ µ
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∂ µ
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∇∇ ⋅
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⎝ ⎠
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2 2
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r jkr r jkr kr

Radiation term

µ θ
π
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π λ

−

− −

⎟
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=
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⎛ ⎞⎛ ⎞
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　　　　　　　　　　　　　　　　 放射項
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Interpretation of each term in the fields 
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Relations between the dipole and the quasi-static terms. 
(ダイポールモーメントと準静電界項の対応) 
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