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Kernel Trick 109
with Reproducing Kernel

For some transformation ¢(x) (= f), there
exists a bivariate function K (x,x’) such that

K; ;= <fi7fj> = K(x;, x;)
Such implicit mapping ¢(x) exists if
e K is symmetric: K'=K
e K is positive semi-definite: Vy, (Ky,y) >0



Combination of 110
Reproducing Kernels

Positive scaling of RK Is still RK
K(z,z')=aKY(x,2") a>0

Sum of RKs is still RK:
K(z,z')=KY(x,a)+ K2 (x,z)

Product of RKs is still RK:
K(z,z') = KWV (z, &) K® (x, ')



¢(2) -
K(z,2') = (¢ (x), oV (@) + (¢ (2), ¢* (2))
= KW (z,2') +K? (x, ')
For [¢(z)];,; = ¢ (z)];[0 ()],

K(w,w’)ZZ[cb(”( z)]i[0'? ()];10™ («'))i[¢® (2);

— (6D (@), oW (@)} (), 62 (')
= KW(z,z') K®(x,z)



Exercise: Playing with Kernel Tricgk

Norm:

Ifill? = VK (2, ;)
Distance:
Ifi = Fi1I° = K(zs, i) — 2K (xi, ;) + K (), x;)
Angle:

K(CIZ@', mj)
VE(xi, x) K(xj,x;) f

(Fio ) = IF.1F ] cosd AQ/' f

cos f =




Playing with Kernel Trick (cont)*®

In particular, for Gaussian kernels,

o £ =1
o [|fi— fjH2 =2 —2K(x;, ;)

o cosl = K(z;,x,)

K(z,a') = exp (—||e — a'|*/c?)
c>0 0 f.



Pre-Images 114

Pre-images: the embedded data pulled
back in the original input space

Obtaining pre-images is useful to
interpret the result.

PCA In feature space Pre-images
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Pre-Images (cont.) 115

When an inverse mapping ¢~ '(g) exists,
pre-images can be obtained.

Otherwise it Is Iin principle impossible.

ldea: Find approximate pre-images:
e Naive idea:

min [[¢(z) — £

e \What else?



Suggestion 116

If you are interested in the pre-image problem,
the following article would be interesting.
e J.T. Kwok and |I.W. Tsang, The pre-image

problem in kernel methods, IEEE Transactions on
Neural Networks, 15(6):1517-1525, 2004.

http://ieeexplore.ieee.org/iel5/72/29733/01353287 .pdf

e G. H. Bakir, J. Weston, and B. Schoelkopf,
Learning to Find Pre-Images, In Advances in
Neural Information Processing Systems 16, 2004.

http://books.nips.cc/papers/files/nips16/NIPS2003 AA57.pdf



Kernel Trick Revisited !/
<fi7 fg> — K(CEZ) ajj)
An inner product in the feature space can be

efficiently computed by the kernel function.

If a linear algorithm is expressed only In
terms of the inner product, It can be non-
linearlized by the kernel trick:

e PCA, LPP, FDA, LFDA
e K-means clustering
e Perceptron (support vector machine)




Kernel LPP 118
Kernel LPP embedding of a sample f

k= (K(x,x,), K(x,x5),..., K(x, :13,,1))T

g=A'"k

A = (apn—mi1|@n—mi2| - |an)

o {N\i,;};":Sorted generalized eigenvalues and
normalized eigenvectors of KLKa = K DK o

M > X > o>\, (KDKaj, o) = 05 4
K=F'F L=D-W
F = (ffs " 1fn) D:diag(2?21 Wij)

Note: When K DK is not full-rank, it should be
replaced by KDK +¢<1,, . € :small positive scalar



Kernel LPP Embedding !*°
of Given Features

Kernel LPP embedding of {f:}iz1 :
G=A'K G = (91|92 19,)
G can be directly obtained as

G_(I)T (I):((Pn m—l—l‘cpn m—I—Q“cpn)

e {7, P, v, :Sorted eigenvalues and
normalized eigenvectors of Ly = vDg

Y1IZ2Y2 2 2 In (Do) = 0i
Note: When similarity matrix W iIs sparse,
L and D are also sparse!



Laplacian Eigenmap Embedding®

L=D-W
Ly =~vD¢ D = diag(Z?:l W)

Definition of L implies L1 =0

) ¢, x1

In practice, we remove ¥ and use
G = (Son—m‘gon—m—l—l‘ S ‘Son—l)—r

This non-linear embedding method is called
Laplacian eigenmap embedding.



Example 121

Original data (3D) Embedded Data (2D)
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Note: Similarity matrix is defined by the nearest-
neighbor-based method with 10 nearest neighbors.

Laplacian eigenmap can successfully
unfold the non-linear manifold.



Reproducing Kernel Hilbert Spacé

Reproducing kernel Hilbert space (RKHS) H :
a functional Hilbert space induced by a
reproducing kernel K(x,x’).

(@(x), p(x))3 = K(z, x')

Reproducing property in RKHS:
\V/f < H) <f7 ¢(m/)>7'l — f(CB/)



Kernel Tricks for
Measuring Independence

z,Yy : one-dimensional random
variables with mean zero.

For a Gaussian RKHS H , z,y are
iIndependentifand only if p=20 .

= covarlance :
p = max covariance(f(z), g(y))

= max E[(f, d(x))(g, d(y))]

J,9€H

125



Kernel Tricks for 126

Measuring Independence (cont.)

If we have samples {w iy, {yz

Il
)

P~ max —Z f Qbﬂfz 97¢(y1)>

[,9€H

Let

f= Zaiqb(:ci) 7 g= Zﬁm(yi) + g7
1=1 1=1
Then

~ 1
P = lleh — @iﬂ'K i, T ) K Yis Yk
{ai}?zla{ﬁi}?zl n ijzk:zl J ( ) ( J )




Homework 127

Implement Laplacian eigenmap and
unfold the 3-dimensional S-curve data.

http://suglyama-www.cs.titech.ac.jp/~sugi/data/DataAnalysis

Test Laplacian eigenmap with your own
(artificial or real) data and analyze its
characteristics.



Homework (cont.) 128

Prove that the dual eigenvalue problem of
(local) Fisher discriminant analysis Is given by

KLY Ka=)MKL"Ka

L® — p® _w® LW — pw) _ yw)
DY = diag(y"1_, W) D) = diag(>)_, W)
1/n—1/ne (yi =y; =10 1/ne (yi=y; =1
w® — 7 w () — 7
- { 1/n (vi # y5) " { 0 (% #y5)

Note that when solving the above
eigenproblem, we may need to regularize it as

KLY Ko =\NKL"YWK +¢l,)a
LFDA can also be kernelized similarly!



