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1. Radiation from a dipole

Summary

Final results:
VxH = josE+J

VxE =-jouH

Vector potential
uH=VxA Observation point

R

Vector Helmholtz Equation
VA+K*A=-pul

Solution (Reference Carl T. A. Johnk)

jkr jkr jkr
A— A IJe dvjLi i " ds e Aie ds
47 on r Arx on r
. . o .
If Radiation Condition r{é’—A+JkA} -0
r r=o0

(No sources/objects outside of S
Free space Green's Function

A=l

Fields are expressed in terms of vector potential A only as:

H Zlva
MU
, V(V-A)
E=-joA+——=
joeu
\
_V¢

When only the far fields are considered(|r| — o), we have a TEM wave.

E=-jo(A-F(AT))

H =%(fxE) n ="/ ~120%
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Radiation from a dipole (Derivation using potentials).

Maxwell’s equations:

VxH= jowsE+J

VxE=-jouH

V-D=p

Refer to:
We have to obtain the solution E for the
vector wave equation.

Observation point

VxVxE=V(V-E)-V’E
=—JjouV xH
=k’E - joud

VxVxE-K’E =—joul

From and V-H=0, V-H=0
HH =V xA

where vector potential A is introduced.
VxE=-jwVxA

A=A +A, (VXA =0)
VxA=VxA,

We in-troduce a scalar potential ¢: Ap (arbitrary)

(E+ joA)=-V¢

E=—joA-V

y nd

We arrive at the equation for A and ¢.

VxVxA= josu(— joA -V @)+ ud

V(V-A)=VZA =k*A - josuV ¢ + 1]

VZA+ KA =V(josud +V-A)— 1



1-1-Rad from Dipole 2006.doc06/06/03  1-3

The vector potential has the arbitrary divergence component; we can impose two Kkinds
of conditions as example.

Lorentz condition alternative condition
V-A+ josugp =0 V-A=0 '
VEA+K*A =—ud VA +K*A = joeuV ¢ — 1 '
H :£VxA H =lV><A ,

)7 7

) . E=—jowA-V
E——jons YV A) JoA=V¢

Joseu

1
1 - 1 -

V-D=—jwsV-A-Vige V-D=—jwsV-A-Vip

:—g(k2¢+V2¢):p =—Vip=p
Vigtkip=—- vig—_L :
& g
Helmholtz equation Poisson’s equation
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Inhomogeneous Vector Helmholtz equation
VA +K?A=—pd

Solution for the scalar Helmholtz equation

Vip+k’p=
e — jkr
r
q(xr yl Z!)
r?=(x=x) +(y-y) +
o° o° o°
Y oy° e

—q, kX =w’su

W r: from observer
q=

H(z-7)

# Preliminary information

w :Solution for V% +k’» =0 — check1[1-6]
Green's theorem — check2[1-5]

# Final Results for ¢p(derived later[1-7])

[ (o[-+v v o tegl)ov= ], (6%
JJ], yrodv = Hm( ?V; éﬁjds
e ( ﬁ¢jds s )

V2¢+k22¢=—CI}_>IL(¢Vzl//_Wz¢)jV:IL( w _

ap
— |ds
v 5nj

= 4 (][ ds=4ra’)

ot LI e

I RE

IV'—>0

%)ds (Green'’s theorem)

jkr

jke™

r+e

(integ.. for x',y'andz')

r 972 dS_@”‘ Lds 5_(//:_5_1//:
S a on<'s a on or

r2

e—jkr
n r

( I%q47rr2dr —0,q< O(r‘z)j

)

e—jka j

o¢
on
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Green'’s theorem check?

Green's formula

vy —veol= [[[ 6% - % s

Vi =V-Vy

I[Proof]

V(¢-Vy)=¢V-Vy+Vy-V¢

=N’y +Vy V¢
V(g-Vy—y V)= Ny —yVi

(] ¥10-5w -pwejay = [ (0w -v*g)av

=<ng [¢-Vy -y -V§]-A dS

‘Cﬁ)(an JS

N : outward <Q.E.D>
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The Particular Solution checkl

We will indicate that ¥ is one of the solutions for vy +k’y =0

Vi +k’y =0
e—jkr
l//:
.
r2=(x=x) +(y-yf +(z-2'
a _x=x
X r
) r—(x—x’)X_X' 2 N2 N2 N2
’r r_r=(x=x) _(y-y) +(-2)
@(2 - rz - rs - r3
Oy —jke Mr—e M g g a
EW: J r & rl herrl]&

o? jke M2 e or (A, el (a) e o%r
@('ZVZJFJ = [gj [jk +1]- > jk[gj - [jk+l]03(
o*  o* o7 : jk+2 ™ 2 e p? el 2r?
(0’)(2+0’}/2+0”22]y/:[1k+1](1 )e — =5 k- " [Jk+1]—

r r

e-ik[_k2+%+z jk  2jk 2}

r rr> r r r
— jkr
- k& —
r
Vi +k’y =0 r=0

or  o9*  o°
+——
ox®  oy* or°

<
I

(x,y.2)
r r

(xy2) .

In the solution of vector helmholtz equation, all the integration and derivatives are with
respect to the sources (x',y',z") . So the roles r and r' above should be

interchanged.
0° 0? 0?
+ + r
aX 12 ay 12 az 12

V? =
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¢=¢(r), y=y(r,r), a=q(r)

Vig+kip=—q p )
V2w+k2y/=0} ” Py V) = U [(é_n_wé’njd (x,y'.2)

dx'dy'dz'

I (e ]-v[-aweolov-[], (6% Ples |
vaa=]] (6% -2 Jos

On S'with small radius a,

Sy _ dy _jkeMr+e (l//_e“'kaJ

on o r? a
efjkr e jka
= (r=a—0)
a’

r2

oy ap e ‘ka ap cpe e
Il (¢__,,,ﬁ jds oo s
_[ ds = 4za’ J J
—)472'_—§X47za —>47p ¢ average on S'
¢ thevalueof g at (x,y,z,) whichisthe solution ¢ :(x,V,z,) ¢

= JJf vineaeer =, (W')% —y(r,r) %(:)) dS '+ 47f
Finally we arrive the solution.
Jhr ap e — jkr
o= o L2022
V' =0 | =q4zr?dr -0
J E

q<0(r?)
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Linear Differential Equation
Interpretation of particular and homogeneous solutions

V?¢+k*p=—P (Inhomogeneous equation) (1)
¢ is the solution for inhomogeneous sequation (1).
¢y is one of solutions for homogeneous equation V¢ +k’¢ =0 (2).
¢ + ¢y satisfy equation (1). — linear

Alternative approaches for boundary value problems

Approach 1

1) Finding solution which represents contribution from source (Particular solution).
The boundary condition is not considered there.

2) Solution for 1) plus general solution for homogeneous eq. satisfy both source
singularity and the boundary condition.

Approach 2

1) Dividing into several source-free regions. Choose general solution for homogeneous
eq. combination of solution which satisfies each boundary condition in each region.

2) Determining remaining constants of solution in 1) so that discontinuity

(contribution) from source is satisfied.

Example
i . . d? )
in 1-dimension P=5(x) F¢+k ¢ =-0(X) 3)
X
boundary condition #(-b)=0, ¢(a)=0
2
(4)
—¢+k’$=0
™ p+k¢
arbitrary choice of two functions from
Asinkx , Bcoskx, Ce ™, De™ (5)



Radiation from a dipole 06/06/03 1-9

Approach 1
1)  We construct the  particular  solution by  assuming
¢=De™® x<0, g=Ce ™ x>0

A d s A2y
J:A dx — (3) &9’5‘% +LA k’gdx = -1 Der | cew
1 ) = x=0 +A +
-JkC—-jkD=-1 (A—>0)..C+D=— .
Ik enr g
continuity (¢, =¢ -C=D)..C=D :ﬁ 2jk 2jk
. x<0 x=0 x>0

2) Particular solution plus general solution for homogeneous eq.(5) must
satisfy boundary condition. Arbitrary constants of general solution for

homogeneous eq. are determined.
Particular solution p=e™/2jk x<0, g=e™/2jk x>0

General solution for homogeneous eq. Asinkx + B coskx

Solution for the boundary value problems.

jkx

#(x<0)= ;jk+ASin kx + B cos kx (7)
— jkx
p(x>0)= 92jk + Asin kx + B cos kx (8)

eijkb .
Boundary conditions. ¢(-b) = 25k —Asinkb+Bcoskb=0

— jka
¢(a)= € —+ Asinka+Bcoska=0
2 jk

A and B are determined from above two egs.. Substitution into (7) and (8)
gives.
e MM g kD) g kg 4 e KO g Ky

=%k 2iksink(a+b) ©
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Approach 2
1) Dividing into several source-free regions. Choose general solution for homogeneous
eq. combination of solution which satisfies each boundary condition in each region.
X<0 ¢(x=-b)=0..-Asinkb+B,coskb=0
x>0 ¢g(x=a)=0 ..A,sinka+B,coska=0
- B, =+A tankb
B, =—A, tankb
. general solution for homogeneous eq.
¢ = A(sinkx+tankb coskx) x <0
¢ = A, (sinkx—tanka coskx) x>0
2) Determining remaining constants of solution in 1) so that discontinuity

(contribution) from source is satisfied.

d A

— =kA —kA =-1
ax? kA
A—>0

1
A-A=— (10)

Continuity of gpatx =0
A tankb =—A, tanka (11)

from (10) and (11)

A = 1 1 3 tan ka
k (1+ tan kbj k(tan ka + tan kb)
tan ka
1 1 _ tan kb
 k (1+ tan kaj k(tan ka + tan kb)
tan kb
tan ka . tan ka tan kb
sinkx + coskx x<0
4= k(tan ka + tan kb) k(tan ka + tan kb) 12)
a —tankb ) tan ka tan kb
sin kx coskx x>0

+
k(tan ka + tankb) k(tan ka + tan kb)

Procedure
Find one particular solution which is independent of boundary condition.
Plus general solution for homogeneous eg. so that boundary condition is satisfied.

How to decide coefficient of general solution for homogeneous eq. with out source ?

10
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Alternative choice of the boundaries resulting in the identical solutions
Example of 1-dimensional problem ( )

Original Problem

(i(—22¢(><) +k¢ =-q(x) = -6(x)

p(@)=¢g(-b)=0 ¢ continuity
| T ]
b 0 a

(Homogeneous equation)
2

%l//-ﬁ- K’y =0 y =ae ™+ pet

(Particular solution)

De+jkx Ce‘jkX
0
+A d a 5 [+A b 3
j_A dx &¢|_A +k j_A pdx = — j_A S(x)dx = -1
—jkC— jkD =-1

4o ae ¥+ et + De™ x <0
ae ™4+ gt Ce ™ x>0

from continuity condition at x=0 D=C, ¢(a)=¢(-b)=0

e MM sinka e KD 4 gin kb et k()

T 2 jksink(a+b) )
AN
bt
#(c) ¢ reads as
#(c) = e sinka e M 4sinkb e * ) (®
2] 2 jksink(a+b)

11
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Equivalent problems ( )

,r ¢/ Vip+k’p=0
| : | #(@)=0, ¢(c)=T
0 C

¢ :aefjka +ﬂe+jkx
d(a)=ae ™+ peti =0

e e a (e—jka+jkc _ e+jka—jkc) _ _ejka-l-
p(C)=ae ™+ pe =T

_plka g lka
= T B=o— T
2 jsin(kc —ka) 2 jsin(kc - ka)
1 [ 4 sinka e Lginkp etk
T=—"r|e - c
2 jk sink(a+b) ©)
= (sinkb e lkegtia _ginkb e—jkae+jkc)
2 jksink(a+b)
___SnkD__ 5 iink(a—c)
2 jksink(a+b)
_sinkb sink(a-c)
ksink(a+Db)
= —Sinkb gtk _ sinkb e’
2 jksink(a+b) 2 jksink(a+b)
C
Independent of the position C, as is expected.
= — §|nkb (_ejkae—jkx+e—jkae+jkx) (D)
2 jksink(a +b)
Since x>0 (A) -> (E) Identical!! I
¢ = L e % (sink(a +b) —sinkae )_ SINkD g iea (E)

2jksink(a+b) 2 jksink(a+b)

#c)

The boundary value (c) acts as if it was the true source.

12
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A small dipole Example

Ay 1

p(r;.0.4)
J=215(x)s(y) f(2)

(ot © D
~ |0 (otherwise)

dv = dxdydz

,U e—jkro el
A=— Zl
4z 1, I

— jkry
ull e
= i
4z 1,

Electric fields are calculated in terms of A.

E:-ja)A+V_V'A
joeu
FlzzJLV7x/\
MU

1-13
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Spherical coordinate

H=—VxA

uH

B rsiné %

(Fcose—ésin 0)

47

cos 0] =
Anr

L { d (sin9A¢)— da

— jkr
(rAa):é(——'u”e sin Hj:

ull

T

Llle K

0s6)=—

Radiation from a dipole 06/06/03

sin Hé(e““) = jkﬂ—”e"'kr sin@
or A

e ™
Anr

sin@

1-14
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E=—joA+ VA
Jou
17 ull
V-A=— , A= e
oz A 4rr
V(V~A)= ﬁ(ﬁ_ﬁj,lﬁ(ap‘zj, 1 i(aAZJ
or\ oz ) rdl\ dz ) rsin@ cp\ o0z
U
0 > Axial symmetry
— jkr
oA, _,u”(_e " i +1)_]
oz Arx r
_ it = (kr +1) M cos
4 r’

E=Fﬂlze‘jk’[1+_i]cose+éj77—”e‘jk’ 1+_i— 12 sin@ + g0
jkr Jkr (k)

U

: Radiation term

1-15
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Interpretation of each term in the fields

z

1/

(Radiation) (Inductive) (Biot Sa vart)

¥ v ¥

E= j77—”e‘jkr sin 99+lee‘jk’ cos Of +L|2e‘jkr sin 66
2Ar 2rr 4rr

+-2)_cosge T '
et (Quasi - Static) — =
(1) s jo
+—2-singe M@
drer
6
+Q+ r
| I :
_QC:D
d . .

_ldIxr
drr

dH

1-16
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Relations between the dipole and the quasi-static terms.

(
d . .
—Q=1 , joQ=1 , I/=jwlQ
dt
e _py_ (ov1or 1 ov
a r ol rsing op
\P:%cos@
s r?
E_ _( Q/ )(_2 003349 ’_ smse ,0]
4re r r
_ QEcosethsmeé
2rer® Arer’®
Y, = Q Yo=- Q
Arer, Adrer

r, = r+lsin(0—£j = r—|—c030
2 2

2

r = r—l—sin 9—5 = r+lsin¢9
2 2 2

Q

V="

B Arre

|

1

r+

r

Are r.r
_Q lcos& QI cosd

dre

r

2

e v

2

1}_ Qr-—r,

<QED>

)

+Q

rl<<r

Observation point
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