Electric Line Source Scattering by a Conducting Circular Cylinder

a j P
Analysis Methods based on

1. Huygens' principle
2. Ampere’s law

3. Reciprocity Theorem
2D-problem
structure & source
. o : 0
. uniform & infinite along the z-axis | —=0

Electric Current Source
—~TM - problem (H,=0)
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Analysis based on Huygens’ principle

Solution = Particular Solution ( i.e. field due to the line current)

+
Complementary Solution
( to satisfy the boundary condition )

Boundary condition
E,=0 at p=a

Field produced by the line current

il
A=2[C HY(k,p)+D, HP(k,p)]

[ C, cos(mg)+D, sin(mg) |
x| Ay ek 4By et |

=3 A, HP (kp)
(-.-on =k, =0,k :kj
0z p

-.-i:O = m=0, D,=0
o¢

X

(-~ outgoing wave = C,=0)

A, unknown

A=7 A HP(kp) - E, =—jou A, HE? (kp)

H, =k AH,2 (kp) = Ak HO (kp)
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Ampere’s Law

| =i di=lim{"H. »d
=lim [ H-di=lim [, H, g

Asymptotic Expansions of Hankel function for small argument

kp+J£i:

HO (k)= 3i(kp) = iNi(kp) = 2o i

1= A k2 por=4jA
7 Kp

~ ] 10)
A:—zil H® (kp) - EZ=—ITﬂH(§2’(kp)

Translation of cylindrical coordinate origin

Observation

.21

7 kp
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i %Zgn H® (kd) J.(kp) cosnp (p<d)
n=0

z8

E =—|"’T“ng>(k|p—p'

i %an I@(kd) H, (kp) cosng  (p>d)
n=0

(¢,=1(n=0),2(n=0))

Complementary Solution

E,. = >.C, H? (kp) cosng

LN T

unknown outgoing wave even functionin ¢

Boundary Condition

observation
[

source

a d P

E,=0at p=a

g, H? (kd) J, (ka) cosng

NgE

Ez:Ezs+Ezc:_|%
4

I
o

n

+> C, H?(ka) cosngp =0

NgE

1l
o

n

27 _ o e J, (ka)
IO oxcosm(padgo = Cn_ 4 gn{ Hn (kd) HIEZ)(ka)

J_(ka)
H? (ka)
Ja(ka)
H? (ka)

n=0

—I%iemn‘”(kd){an(kp)—
E =

z

"%ieﬁé”(kp){an(kd)—
n=0

Héz)(kp)}cos ng (p<d)

Hﬁz)(kd)}cosngo (p>d)
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Analysis based on Ampere’s Laws

Division of the analysis region on the source boundary (i.e.p=d)

Region a<p<d

Region d<p

Field Expansion in each region to satisfy the boundary condition

Region E,=0 at p=a
EZ,H¢—>O for p—> o

Region
Field continuity condition on the source boundary

E_ continuous

z

H, discontinuity at the source
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Field Expansion of Each Region

Region

E, =D{A, J,(kp)+B, HP (kp)| cosng

A, , B, unknown

Boundary Condition E,=0 at p=a forallg
k2
A, J,(ka)+B, ng)(ka) =0 ( E,=- LPA]
Jowg
J.(ka)
B =—_—n\"77
RO G
N J.(ka) .,
o E, = J (ko) ="\ @K cosn
z ;Ah{ n( ,0) Hr(]z)(ka) n ( p)} ¢

Region

E, =).C, H?(kp) cosng
n=0

N

unknown Radiation condition
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Field Continuity Condition on the source boundary (p=d)

E, =E
H, -H, =15(4) B

el J.(ka)
ZA\{ e (km}cos ng

n=0

8

=>'C, H?(kp) cosng

n=0

J.(k 2
H, = Jng&{J (kp)— H(zf(ii)Hs)(kp)}cosw

we ,
H, = Jk ZC H/® (k p) cosng

n=0

FromA

A {%(kd)— B 0a; Hn‘z’(kd)} =C, HO(kd) - A

From B

JG)E{ZC H.® (k) cos g — Z/%{J DR )

=15($) ---B

J . (ka) H /@ (kd)}cos n¢}
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f oxcosmg d¢

_ oz 27d

H® (ka)

n

P 2
[ J. cosng cosmg d¢ = —”5,“]%—» kroneker’s delta
T A

n

From A',B"
A] = kd gn Ja)lu _ %I gn Hrsz)(kd)
2akd | ) HI (kd) - 37 ko)
H® (kd)
( J,(kp)H! P (kp) - 3! (kp)HP (kp) = _A]
7kp
WU J.(ka) |
C,=——1lg,|J,(kd)-—2 H® (kd
n 4 5n[ n( ) Hr(]z)(ka) n ( )

|:Cn Hé(z)(kd)—ﬁh{\]é(kd)— J, (ka) H,:(z)(kd)H:I B
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Reciprocity Theorem

=>

Two sets of source and its field
Source field

(Jl’ Ml) - (El7 Hl)
(Jz’Mz) - (Ez'Hz)

satisfy the following equation

[.(E;xH, —E,xH,)- dS
= [, {(E, -3, ~E;-J,)—(H,-M, — H,-M, )} dV

n outward normal unit vector

Analysis based on Reciprocity Theorem
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Division of the analysis region on the observation boundary (p = p,)

Region a<p<p,
Region Po <P

Apply the Reciprocity Theorem to each region
E, ,H, ,J,, M, interested
E, H,,J, M, auxiliary

P, >d

Apply to the Region

n=p (outward )
J, =M, =0 (outside of Region )

Ja(ka)

S H@ (K p) bcosn
HO(ka) " (p)} ¢

EZZ = {‘]n(kp)_

joe | ., Jo(ka)
== B - e

( to satisfy the boundary condition)
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J,=215(p-d)s(¢), M,=0, E,, Hy,

2z

.[0 (_Elz ) H2¢ + EZZ ) H1¢)'p0 d¢ = jv EZZ ’ ‘le dv

2r j , J.(ka 2
Io {—EH {—%(Jn(kpo)— Hrﬁzf(k;) H/C )(kpo)J}cos ng

+[Jdkmﬁ—;ﬁ%§25HfkaﬁjaBn¢-Hw}f%d¢

J. (ka)
HO (ka)

ﬂ@mm— HWM}MA

Apply to the Region

n=-p , J,=M, =0 (outside of Region )

E,, = H® (kp) cosng

Joe

, to satisfy the radiation condition
e H/® (k p) cosng

H,, =

J, =0 (located in Region ), M, =0
2r joe 2 _
—jo {—EH(—THH (kpo)cosn¢j+Hn (kpo)cosn¢-Hl¢}pod¢—0 B

FromA,B (toeliminate H,;)

3, (ka)
H® (ka)

Tou

["E, cosng dp=—"4 1 (Jn(kd)—

H® (kd )j H® (kp,)

Substituting E, = ZCm cos mg
m=0

J, (ka)

H,, (ka)

m

C =—%“gm|(3m(kd)— H,ff)(kd)jHéf’(kpo)
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