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Scattering Problems

Analytically solved

Fields ... eigenmode functions in coordinate systems
Ex.

Trigonometric functions ... rectangular

Bessel functions ... cylindrical

Lengendre functions ... spherical

Numerical solved

Ex.
MoM ( method of moment )
FEM ( finite element method )
FDTD ( finite difference time domain method )



Solutions in a homogeneous region containing sources

E=E,+E,, H=H, +H,

E, H, particular solution

-VxE, = jouH , +M
VxH, =(o+ jwsg)E, +J

E. ,H, complementary solution ( source - free)

-VxE, = jouH,
VxH, =(o+ jows)E,

Particular solution
E,=E +E, . H =H_ +H_

E_..H fields due to electric source J

pA? " " pA

_VXEpA = jCO,UH pA
VxH ,=(o+ jweg)E , +J

E.,H fields due to magnetic source M

pF T pF

~VxE = jouH  +M
VxH =(0+ joe)E



E A H,, fields due to electric source J

pA?

~VxE = jouH , -
VxH ,,=(c+ jos)E , +J

V. - V:H_,=0 ( V-Vxa=0 vectoridentity)
Ho=VxA, (A, magnetic vector potential )
— Vx(E + jouA,)=0
Eopnt JouA, =-Vg, - ( VxVg=0 vector identity)
, >

VxVxA —k’A =J—(0o+ jos)Ve,
k? =—jou(c + jos)
V(V-A))-V?’A -k*A =]—(0+ jos)V§,
( VxVx=VV.-V? vector identity)

Vx A, specified in
VA, still free to be chosen

V-Ap=—(o+ jwe)d Lorentz condition ( gauge)

VZA, +k?A =-J vector Helmholtz Equation

E = jouA, +———V(V-A)
o+ Joe

HpA :VXAp



Particular solutions
E,=Ea+E, . Hy=H_ +H

Maxwell Equation

{_vprA = ja):quA

. Electric source J
VxH,,=(co+ jws)E , +J

{—VprF=ja),quF+l\/l _
Magnetic source M

VxH . =(o+ joe)E
Helmholtz Equation
VEA, +K°A ) =-] Electric source J

V?F, +k’F, =-M Magnetic source M

Solution

. 1
E\=—JjouA, +———V(V-A)) .
o+ Jows Electric source J

HpA =V><Ap

Er=-VxF,

Magnetic source M

H =—(o+ jos)F, +—_1 V(V-F,)
jou



Complementary solutions ( source-free

Ec :ECA+ECF , Hc :HCA+HCF

Maxwell Equation

_VXECA = ja)/uHcA
VxH, =(c+ jos)E,,

_VXECF = ja)/uHcF
VxH; =(oc+ jos)E

Helmholtz Equation
VZAC + szC =0
VZFC + k2FC =0

Solution

E =—JouA, +;_V(V-AC)
o+ jos

H,=VxA,

=-VxF,

ECF
. 1
H; =—(c+ jos)F, + —V(V-F,)
Jou

J=M=0)



Fields in rectangular coordinates

A =3¥, F =2V,

c

1 o'y, oY

E, = - H, = + —

O+ Jws OXOL oy oy Jwou OXxoz
e __ 1 62‘PA+8‘PF oo 0%, 1 0*Y,
Y o+ jwe oyorz  ox Y oX  jou oyoz

2 2
- | Tkl H =17 kv,
o+ jJoe \ 0z Jou\ oz

—— TM (transverse magnetic ) to z

------- TEAtransverse electric) to z
Arbitrary field ... sum of a TM field and a TE field

Helmholtz Equation in rectangular coordinates
A =2¥,(x,y,2) - V*A_+k*A_ =0

VAW, (X, Y,2) +K*¥,(X,Yy,2) =0

o? 0? o°
a?lPA(x, Y, 2) +W‘PA(X, y,2) +az—2\PA(x, Y,2) +k?WP,(x,y,2) =0

Y, (x,y,2) = X(X)Y(y)Z(z) separation of variables

1 dZX(x)+ 1 sz(y)+ 1 dZZ(z)+k2_
X(x) dx> Y(y) dy? = Z(z) dz? -

0

—k? —kJ —k? each term is independent of x , y and z



2
XD 4 k) () = 0 | |
dx X(x)=Ae " +B el
sz —i +1i
dy(zy) FKY()=0 ~ {Y(y)=Ae ™ +Be ™
) Z(z)=Ae ™ +B e
“E s kiz(@) -0
Z

harmonic equations harmonic functions

ki +k; +k; =k*  Only twoof the k; are chosen independently

harmonic functions
h(k,x)  sink x, cosk x , e el
Two of there are linearly independent

Y Kk h(k,x) h(k,y) h(k,z)
| | |
X(x) Y(y) Z(2)

Linear combination of wave functions

Y(x,y,2)= Z Z kaky lPkaykZ = Z Z ka K, h(k,x) h(ky y) h(k,z)
ky

K, | k, k

constant

y

K., K

x» K, discrete spectra

determined by the boundary conditions of the problem

General wave function

W06y, 2) = [ [ f(koKk, )W, dk,dk,

|
analytic function

any path in the complex k,and k, plane

K., K

o Ky continuous spectrum

unbounded region



